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1. Introduction

For an integer r > 2, an r-uniform hypergraph (in short, r-graph) H consists of a vertex set V(H)
and an edge set E(H) C (V(r”)), that is, every edge is an r-element subset of V(H). Given a family
F of r-graphs, the Turdn number of F, denoted by ex(n; F), is defined as the maximum number of
edges in an n-vertex r-graph containing no element of F as a subgraph.

In this paper, we focus on the family F(s, k), consisting of all r-graphs with k edges and at
most s vertices. Brown, Erdés and Sés [2] initiated the systematic investigation of the function

FO(n; s, k) == ex(n; F(s, k).

E-mail addresses: o.pikhurko@warwick.ac.uk (O. Pikhurko), shumin.sun@warwick.ac.uk (S. Sun).

https://doi.org/10.1016/j.ejc.2026.104364
0195-6698/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.ejc.2026.104364
https://www.elsevier.com/locate/ejc
https://www.sciencedirect.com/journal/european-journal-of-combinatorics
https://www.sciencedirect.com/journal/european-journal-of-combinatorics
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejc.2026.104364&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:o.pikhurko@warwick.ac.uk
mailto:shumin.sun@warwick.ac.uk
https://doi.org/10.1016/j.ejc.2026.104364
http://creativecommons.org/licenses/by/4.0/

0. Pikhurko and S. Sun European Journal of Combinatorics 135 (2026) 104364

They showed that
Q(n(rk—S)/(k—l)) =f(r)(n; s, k)= O(nf(fk—s)/(k—lﬂ ).

If t == (rk — s)/(k — 1) is an integer, i.e. s = rk — tk + t, then f(n; rk — tk + t, k) = O(n"). In the
sequel, we are mainly interested in the case when t = 2; thus s = rk — 2k + 2 and the magnitude
of the function is @(n?). A natural question here is whether the limit

7(r. k)= lim n=2fO(n; rk — 2k + 2, k)
exists, which was originally conjectured by Brown, Erdés and Sés for r = 3.

In their initial paper [2], Brown, Erdés and Sés confirmed the conjecture for k = 2 by observing
that (3, 2) = 1/6. Many years later, Glock [6] solved the case k = 3 and showed that 7(3, 3) = 1/5.
In a recent work, Glock, Joos, Kim, Kiihn, Lichev and Pikhurko [8] solved the case k = 4 by
showing that (3, 4) = 7/36. Building on their work, Delcourt and Postle [3] finally resolved the
Brown-Erd6s-Sés conjecture, namely, 7 (3, k) exists for any k > 2, without determining its value.

For the more general case 7(r, k) with uniformity r > 4, the existence of the limit (without
the explicit value) was shortly confirmed by Shangguan [12], following the approach of Delcourt
and Postle. The natural remaining question is to determine the limits. Recently, a range of results
regarding this direction has been established. Apart from values for r = 3 mentioned above,
the celebrated work of R6dl [11] on the existence of approximate Steiner systems implies that
w(r,2) = i for every r > 3. Moreover, Glock, Joos, Kim, Kiihn, Lichev and Pikhurko [8] proved
that for every r > 3,

1

n(r,3)= e

and 7 (r,4)=

r2—r—1
Very recently, Glock, Kim, Lichev, Pikhurko and Sun [9] obtained the limits for k € {5, 7}, which are
the same as for k = 3:

n(r,5)=n(r7)= for every r > 3.

r2—r—
They also resolved the case k = 6. Curiously, in this case, the value behaves differently when r = 3
and r > 4 as follows:

61
m(3,6) = 330 and n(r,6)= -

Meanwhile, Letzter and Sgueglia [10] provided the exact value

for every r > 4.
n

w(r, k)=

1
rZ—r (1)
for even integer k and r > ro(k) sufficiently large. In their paper, they asked for the smallest r such
that (1) holds.

In this paper, we determine the limit for k = 8 and r > 4 as follows.

1

Theorem 1.1. For every r > 4, we have x(r,8) = ot

Moreover, we provide a lower bound for r = 3, which implies that r = 4 is the smallest

uniformity such that = (r, 8) = rzl—r'

Theorem 1.2. 7(3,8) > .
We conjecture that this lower bound is sharp.

-3

Conjecture 1.3. 7(3,8) = .
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A connection to generalised Ramsey numbers.

In a recent work, Bennett, Cushman and Dudek [1] found a connection between the Brown-
Erd6s-Saés function for 4-graphs and generalised Ramsey numbers, that were introduced by Erdés
and Shelah [4] and were first systematically studied by Erdés and Gyarfas [5].

For integers p,q such that p > 3and 2 < q < (‘2’) a (p, q)-colouring of K, is a colouring of
the edges of K, such that every clique of size p receives at least q colours. The generalised Ramsey
number GR(n, p, q) is the minimum number of colours such that K, has a (p, q)-colouring.

Erdés and Gyarfas [5] proved among other results that for arbitrary p > 3 and qquaa =
(]) — Lp/2] + 2, it holds that

GR(n, p, gquad) = 2 (n*) and GR(n, p, gquaa — 1) = 0 (n?).

Thus qquad is the threshold for quadratic growth.
Bennett, Cushman and Dudek [1] showed the following connection between generalised Ramsey
numbers and the Brown-Erdds-S6s function.

Theorem 1.4 ([1, Theorem 3]). For all even p > 6, we have

GR(n, p. 1
lim RO P: dguad) :f—n(4,3—1).
n—oo le 2 2

In particular, the limit on the left exists by [12].

From Theorem 1.1, together with Theorem 1.4, we directly obtain the following asymptotic value
of GR(n, 18, 146).

Theorem 1.5.
. GR(n, 18, 146) 5
lim ——— = —.
n—>o00 n2 12

Organisation. The remainder of this paper is organised as follows. We introduce some necessary
definitions and notation in Section 2. Section 3 provides the proofs of lower bounds in Theorems
1.1 and 1.2. The proof of upper bound in Theorem 1.1 can be found in Section 4.

2. Preliminaries

Throughout the paper, we shall use the following notation and terminology. For integers m and n,
we denote by [n] the set {1, ..., n} and by [m, n] the set [n] \ [m — 1] = {m, ..., n}. For a set X,
we define (ﬁ) :={Y C X : |Y| = m} to be the family of all m-subsets of X. For simplicity, we often
denote the unordered pair {x, y} (resp. triple {x, y, z}) by xy (resp. xyz).

We will often identify an r-graph G with its edge set. In particular, if we specify only the edge
set E(G) then the vertex set is assumed to be the union of these edges, that is, V(G) = UeeE(G) e.
We let |G| be the number of edges of G and v(G) be the number of vertices of G. For two r-graphs
G and H, we define their union G U H by E(G U H) := E(G) U E(H), and their difference G \ H by
E(G\ H) := E(G) \ E(H). By a graph, we will mean a 2-graph.

A diamond is an r-graph consisting of two edges sharing exactly two vertices. For positive
integers s and k, an (s, k)-configuration is an r-graph with k edges and at most s vertices, that is,
an element of 7)(s, k). In particular, if s = rk — 2k + 2, then we usually omit s and refer to it
as a k-configuration. Moreover, if s = rk — 2k + 1, we refer to it as k™ -configuration. We say that
an r-graph is k-free (resp. k™ -free) if it contains no k-configuration (resp. k™ -configuration). Let g,(f)
denote the family of all k-configurations and all £~ -configurations with £ € [2, k — 1], namely,

k—1
"= FO(rk — 2k + 2, k) U (U FO(re —20 +1, m) )
£=2
3
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Note that g,(:) not only contains k-configurations, which is the primary topic of this paper, but
also includes “denser” r-graphs of smaller sizes. In the following sections, we will see that this
family is closely related to the lower and upper bounds on 7 (r, k).

We use the following definitions introduced in [9]. For an r-graph G, a pair xy of distinct vertices
(not necessarily in (V(ZG))) and A € N U {0}, we say that G A- Claims the pair xy if, for every i € A,
there are i distinct edges ey, ..., e; € E(G) such that |{x, y} U (U _16)| < ri—2i+ 2. In particular,
if xy € (V(ZG)), this is equivalent to the existence, for every i € A, of an i-configuration ] C G such
that {x, y} C V(J). Let P4(G) be the set of all pairs in (V(G)) that are A-claimed by G. If A = {i} is a
singleton, we simply write i-claims (resp. P;(G)) instead of {i}-claims (resp. P;(G)). For i = 1, P;(G)
is the usual 2-shadow of G consisting of all pairs uv of vertices such that there exists some edge
e € E(G) with u, v € e. Let Cg(xy) be the set of those i > 0 such that the pair xy is i-claimed by G,
that is,

Celxy) .= {i > 0: 3 distinct eq, ..., e; € E(G) such that |{x, yiu (U;:1 ej)| <ri—2i+ 2} .

(2)

More generally, for disjoint subsets A, B C N, we say that G AB-claims a pair xy if AN Ce(xy) = @
and B C Cg(xy). For simplicity, we often omit curly brackets. For example, when A = {1} and B = {i}
we just say Ti-claims; also, we let P5,(G) := P,(G) \ P1(G) denote the set of pairs in (*{") that are
Ti-claimed by G, and similarly let P15(G) :== Pi(G) \ (P1(G) U P»(G)).

3. Lower bounds

In order to prove lower bounds in Theorems 1.1 and 1.2, we need the following result proved
by Glock, Joos, Kim, Kiihn, Lichev and Pikhurko [8].

Theorem 3.1 ([8, Theorem 3.1]). Fixk > 2 and r > 3. Let F be a g(r) -free r-graph. Then,

o fOMmyrk — 2k + 2, k) |F|
lim inf > > R
n—00 n 2 |P<ks2)(F)

where we define P<(F) := {xy € (V(F)) F(xy)N[t] # @} to consist of all pairs xy of vertices of F such
1<i

| G
that Cr(xy) contains some i wzth é <t

In brief, Theorem 3.1 is proved by finding, for any large n, an almost optimal edge-packing of
copies of the graph | := P|/»(F) in the n-clique, and putting a copy of F “on top” of each copy
of J. Since F has no k-configuration, it remains to prevent any k-configurations that use at least two
different copies of J. For this, the packing has to be chosen carefully, using the general theory of
conflict-free hypergraph matchings developed independently by Delcourt and Postle [3] and Glock,
Joos, Kim, Kiithn and Lichev [7].

We note that Theorem 3.1 was used to derive lower bounds of n(r, k) for k € [4, 7] in [8,9], as
well as to prove the existence of 7(r, k) in [3,12]. In the following, we will also apply this theorem
to determine the lower bounds in Theorems 1.1 and 1.2.

Proof of the lower bound in Theorem 1.1. For r > 4, the lower bound 7 (r, 8) > 1/(r> —r) follows
from Theorem 3.1 with the r-graph F being a single edge e (as then P<4(F) = (2) consists of all pairs
inside e). O

Let us informally describe the construction of F used to prove Theorem 1.2 via an application of
Theorem 3.1. Let R be the 5-vertex 3-edge 3-graph obtained from an edge abc by adding a diamond
{buv, cuv}, see Fig. 1. This 3-graph 13-claims the pairs au and av. Our goal is to construct a 4-free
and 8-free 3-graph F consisting of many copies of R such that the number of 13-claimed pairs in F
is much smaller than |F|. We fix a large integer m and a bipartite graph G with 2m vertices such that
G does not contain a 4-cycle as a subgraph and each vertex has degree ®(,/m). We take a random

4
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u v

Fig. 1. An illustration of R.

collection P of 2-paths (that is, paths consisting of 2 edges) where each 2-path of G is included into
P with probability p := (logm)/+/m, except we remove some (negligibly many) paths to satisfy
the property that for any i € [8], every i-subset {P1, ..., P;} of P satisfies v (Uje[i] Pj) >i4 2. We
construct F from P as follows. For each path P; € P, say P; = {u;a;, a;v;}, we add two vertices b;, ¢;
to V(F) and add all edges from R; := {a;bic;, bju;v;, ciujv;} to E(F). Thus R; is a copy of R on top of P;
such that the two edges of P; are 13-claimed by R;.

We split the proof of Theorem 1.2 into two main parts. Lemma 3.2 returns a collection P of 2-
paths with the required properties. Lemma 3.5 verifies that the constructed F satisfies all conditions
of Theorem 3.1, which will give us the desired lower bound of Theorem 1.2.

First, we provide the lemma finding a desired family of 2-paths.

Lemma 3.2. For any sufficiently large prime power q, there exists a family P of 2-paths satisfying the
following properties with m := q* + q + 1:

(i) |P| = 2(m>? logm),

(i) the union graph | Jp ., P has O(m>/?) edges,

iii) the union grap is triangle-free, C4-free and Cs-free,
(iii) the uni h Upop P is triangle-free, Cy—free and Cs-f
(iv) for any i € [8], every i-subset {Ps, ..., P;} of P satisfies v ( ;. Pj) = i+ 2.

Proof. Let G’ be the incidence bipartite graph of the Desarguesian projective plane over the finite
field IF. In more detail, the parts of G’ are the sets V; with i = 1, 2, consisting of i-dimensional linear
subspaces of IFg, where we have an edge between x € V; and X € V; if x C X. As it is well-known
(and easy to check directly), we have |V;| = m and each vertex has degree q + 1 in G'.

Let P(G') be the set of all 2-paths of G'. We choose every 2-path in P(G') randomly and
independently with probability (logm)/m'/2. Denote by P, € P(G') the set of all chosen 2-paths.

Since
d
PG = Y ( (2”)> _o(m).
veV(G)
we have
[1Pol] = © () 177 = © (mlogm). ®)

which is exactly the order of magnitude in Condition (i). Furthermore, since {Jp.p, P S G, Po
satisfies conditions (ii) and (iii) trivially. To meet condition (iv), we shall use the probabilistic
deletion method to remove some 2-paths from Py, which form configurations prohibited in (iv)
and show that the number of such removed 2-paths is o(m*? log m).

Given an integer i, an i-set {Py, ..., P;} € P(G') is called dense if v (Uje[,-] Pj) <i+4 1, and sparse

otherwise. We note that every 1-set {P;} is sparse as v (P;) = 3 > 14 1. We say that a dense i-set
5
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S is a minimal dense i-set if every j-subset of S is sparse for every j € [i — 1]. An easy induction
argument gives the following proposition.

Proposition 3.3. Every dense i-set with i > 1 contains a minimal dense j-set as a subset for some
1<j=<i

Let us count the number of minimal dense i-sets of 2(G’) in the following claim.

Claim 3.4. Given an integer i > 2, the number of minimal dense i-sets is O (m”%).

Proof of Claim 3.4. Fix ani > 2. Let N; denote the number of minimal dense i-sets. For k < i+ 1, we
define N; to be the number of minimal dense i-sets {Py, ..., P;} € P(G') satisfying v (Uje[i] Pj) = k.
Recalling the definition of dense i-sets, we have N; =  _, ;. 1, Nix. Hence, it suffices to prove that
Ny =0 (m”%) for every k € [i + 1].

Let k € [i + 1] be fixed. Consider a minimal dense i-set S := {Py,...,P;} € P(G') with
v (Ujey P) = k. We claim that the union graph [ J;; P; is connected. If not, then  J;; P; consists
of several connected components, which will give a natural partition of S (since, for every path
P; € S, its vertex set V(P;) entirely lies in one component). Now assume that Uje[i] Pjhast > 2
components Cy, ..., C. For £ € [t], let S, € S be the proper subset of paths of S which entirely lie
in the component C,. Then there must exist some S; € S with ¢ € [t] which is a dense |S;|-set,

since otherwise we can derive the contradiction that

U(Upj)=ZU(Q)=ZU(U P) >N (sl +2) =it2>i+2.

Jjelil Lelt] Lelt] PeSy Lelt]

However, this contradicts to the fact that S is a minimal dense i-set.

Now we know that each minimal dense i-set S := {Py, ..., P;} € P(G) with v (U, P) = k
corresponds to a connected graph Ujeij on k vertices in G’. On the other hand, a k-vertex
connected subgraph of G’ can be the union graph for at most ("f ) minimal dense i-sets S =
{Py,...,P;} € P(G)withv (Ujem Pj) = k, since k3 is a trivial upper bound on the number of 2-paths
in this subgraph. Let F; be the set of all k-vertex connected subgraphs of G'. Then N;x = O (| k).

Let 7, be the set of all k-vertex trees in G'. For every connected k-vertex graph F in 7, F
contains a spanning tree T C F as a subgraph. On the other hand, every k-vertex tree T € 7, can
serve as a spanning tree for at most constant number of k-vertex connected subgraphs. Therefore,
| Fi| = O(|7x]). By the regularity of G', we can bound |7x| as follows:

1Tl <2m- (k= 1)+ (AG) " =0(m - m'T") = o(m'* 7).

This bound is obtained by choosing a vertex in G’ and then iteratively building a tree by choosing
a selected vertex and adding one of its neighbours in G'. Thus we conclude that

Nik = O(|Fl) = O(|Tel) = O(m'*2),
as claimed. O

Let X; be the number of minimal dense i-sets in which every 2-path has been chosen. Then, by
Claim 3.4,

]E[ZX,—] = ZE[Xl-] < Z(l;gl/rgy e (m”%) = O(mlog® m). (4)

ie[8] ie[8] ic[8]

Let P C Py be the set obtained from Py by removing one 2-path from each minimal dense i-set
with i € [8]. Then P inherits properties (ii) and (iii) from Py as Upep P is a subgraph of Upepo P.
Also, it follows from (3) and (4) that

E[IP|] = E[|Po| — in] > O(m*?logm) — O(mlog® m) = @(m*/? logm).
ie[8]
6
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Take a deterministic outcome P with |P| = £2(m?/? logm). Then, P avoids all minimal dense i-sets
with i € [8]. By Proposition 3.3, P avoids all dense i-sets for i € [8], proving Item (iv). This finishes
the proof. O

The construction of F to be utilised in Theorem 3.1 is presented below.

Lemma 3.5. For an infinite sequence of m, there exists a 3-graph F satisfying the following properties:

(a) F is 4-free and 8-free,

(b) F is k™ -free for every k € [2, 7],
(c) IF| = 2(m*?logm),

(d) [P<a(F)| = § |F| + O(m>),

Proof. For m = g* 4+ q + 1 with sufficiently large prime power q, let P = {Py, ..., Pip} be the
family of 2-paths returned by Lemma 3.2. For a 2-path P; € P, we denote by g; the internal vertex
of P;, and denote by u;, v; the two endpoints of P;. Now we construct F, using P. For each P; € P,
we add new vertices b; and ¢; to V(F), and add all edges of R; := {a;b;c;, bju;v;, ciujv;} to F. Thus R; is
a copy of R that sits on top of P;; we also say that P; supports R;. Let F be the union of the 3-graphs
R; for i € [|P|]. We call each such copy of R a block.

Let us first calculate |F|. We claim that |[F| = 3|P|. By our construction of F, we know that
each R; contributes 3 edges to E(F). It is enough to show that for distinct i,j € [|P]|], we have
E(R;) NE(R;) = @. Indeed, each edge of R; contains either b; or ¢;. Since b;, ¢; ¢ V(R;), no edge of R;
belongs to E(R;). Thus, Item (c) holds.

To prove Item (b), it suffices to have the following claim.

Claim 3.6. For every k € [2, 8], every k edges of F span at least k + 2 vertices.

Proof of Claim 3.6. Consider an arbitrary set S := {eq, ..., e} of k edges of F. We can think of S as
a subgraph of F. By our construction of F, each edge of S belongs to some copy of R. Let us assume
that the edges of S come from j blocks, say Ry, ..., R;. Then we have j < k trivially. Each R;, with

i € [j], contributes 1, 2 or 3 edges of S. In other words, one can obtain S from (J;_; Ri by trimming
0, 1 or 2 edges which do not belong to S from each R;. Furthermore, when trimming an edge e ¢ S,
if some vertex v of e does not lie in V(S) = UX_,e;, then we remove it.

For every i € [j], let t(R;) be the number of trimmed edges of R;, and let r(R;) be the number of
removed vertices of R;. Then t(R;) € {0, 1, 2} for every i € [j]. In the proposition below, we give a
relation between t(R;) and r(R;).

Proposition 3.7. For every i € [j], it holds that r(R;) < t(R;).

Proof of Proposition 3.7. We split the proof into three cases, depending on whether t(R;) = 1,
2 or 0. Recall that R; := {a;b;c;, bjujv;, ciujv;}. When t(R;) = 1 and a;b;c; is removed, both b;u;v;
and c;u;v; belong to S. Hence, {b;, ¢;, u;, v;} € V(S) and g; is the only possible vertex which may be
removed from V(R;). If b;ujv; (resp. ciu;v;) is removed and a;bic;, ciu;v; € S (resp. a;bic;, bjujv; € S),
then {a;, b;, c;, u;, v;} € V(S) and no vertex of R; can be removed. Thus r(R;) < 1 = t(R;).

When t(R;) = 2, the conclusion follows by observing that at least 3 vertices of R; remain so at
most 2 vertices may be removed.

When t(R;) = 0, meaning that no edge is trimmed from R;, all three edges of R; belong to S, and
no vertex of R; can be removed. O

Since j < k < 8, we may use Lemma 3.2(iv) for the j-set {P;, ..., P;} to obtain that U(Uieljj P;) >
j + 2. Recall that R; is a copy of R that is based on P; and its vertex set is obtained by adding two

new vertices. Thus, we have

v(UJR)=v(JP) +2i= 3 +2. (5)

ie[j] ielj]



0. Pikhurko and S. Sun European Journal of Combinatorics 135 (2026) 104364

Furthermore, the fact that E(Ry) N E(R,) = @ for distinct k, £ € [j] yields that | Ule[}] Ri| = 3j.
Therefore, in total there are exactly 3j — k edges trimmed from U,Em R, to obtain S. On the other
hand, by Proposition 3.7, the number of vertices removed from [,

IEUJ
Y orRY <Y HR)=3i—k (6)
i€ljl i€fj]
Hence, by (5) and (6), the number of remaining vertices, which is exactly |V(S)|, is at least
3j+2—3j—k)=k+2, (7)

as desired. This finishes the proof of Claim 3.6. O

Remark. In the proof of Claim 3.6, for k € [2, 8], if k edges span exactly k + 2 vertices, it means
that all the inequalities in (5) and (6) are equalities. In other words, the corresponding 2-paths
{Py, ..., P} satisfy U(Uie[i] P;) = j + 2. Also, for those R; with t(R;) = 1 (resp. t(R;) = 2), we have
r(R;) = 1 (resp. r(R;) = 2). In particular, by the proof of Proposition 3.7, if t(R;) = 1 and r(R;) = 1,
then the unique edge we trim from R; is a;b;c; and the removed vertex of R; is a;.

Now we turn to Item (a). First, we prove the following helpful proposition.

Proposition 3.8. Suppose that S is a k-configuration of F with 3 < k < 8 and S consists of edges from
jblocks Ry, ..., R. Let I := {i € [j] : t(R;) = 0} and R, := | J;; Ri- Then

(A) I # 2,

(B) Ry is a 3|I|-configuration,

(C) Ry can be obtained from S by iteratively deleting edges ex_syy, .. . , €2, e1, such that each e, with
£ € [k—3|I|] shares exactly two vertices with the 3-graph R;U{eq, ..., e;_1}. Furthermore, each

e, comes from some block R; with t(R;) € {1, 2}, and e, is bju;v; or cju;v;.

Proof. By Claim 3.6, S spans exactly k+ 2 vertices. Consider any R; that contributes 1 edge to S, that
is, satisfies t(R;) = 2. If a;b;c; € S and b;u;v;, ciju;v; ¢ S then, since b;, ¢; cannot lie in other edges of
S (by our construction of F), we can remove the edge a;b;c; from S together with two vertices b;, ¢;
and obtain a k™ -configuration, which contradicts Claim 3.6. Therefore, either b;u;v; € S or cju;v; € S.

For each R; contributing 2 edges, by the remark after the proof of Claim 3.6, we have that
biujvi, ciujv; € S and a;bic; ¢ S. For each such i, we remove first b;u;v; and then cju;v; from S.
Meanwhile, b; and ¢; can also be deleted since they do not belong to any other edges of S. Moreover,
u;, v; must lie in some other edges of the remaining 3-graph, since otherwise after deleting b;u;v;
(or cjujv;) we would gain a j~-configuration with j € [k], which contradicts Claim 3.6. Therefore,
during each removal, we lose exactly one edge and one associated vertex. After cleaning all edges
from R; with t(R;) = 1, we obtain a ko-configuration S” with exactly ko + 2 vertices with ko € [K].
Then we remove edges from blocks R; with t(R;) = 2 from S’. For each R; with t(R;) = 2, we remove
bju;v; and cju;v; from S’. By similar arguments, we conclude that during each edge removal, we lose
exactly one edge and one vertex. Indeed, if |I| > 1, then the remaining 3-graph is R; with 3|I|-edges
and 3|I| + 2 vertices. (If | = @, then R; is the empty 3-graph). We proved Items (B) and (C), subject
to proving Item (A).

Suppose on the contrary that Item (A) fails, that is I = @, which implies that every block R;
contributes one or two edges. By the argument above, we can enumerate S = {ey, ..., ez, €1} S0
that each e, with £ € [k] \ {1} shares exactly two vertices with e; U --- U e;_4. For e,, we have
e; Ne; = 2. If ey and e, are from distinct blocks, say e; € Ry and e, € R,, then R; intersects R,
on {uy, v1} = {uy, v2} as e; € {biuqvy, ciuv1} and ey € {b,uyvy, CoUsv5}. Then the paths Py and
P,, which support R; and R, respectively, share two endpoints, giving a C4. The other case is that
e;, e; come from the same block, say Ry, and e; = bjujv; and e, = cjujv; or vice versa. Then for
es, since t(Ry) € {1, 2}, e5 is from some other block, say R,, and e3 € {b,uyv,, couv,} shares exactly
two vertices with e; U e;. Since all b;, ¢; cannot be shared by distinct blocks, we know that the
shared vertices are {uy, v1} = {uy, v,}. It follows that P; and P, form a C4, which is a contradiction
to Lemma 3.2(iii). O
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Fig. 2. An illustration of the proof that F is 4-free.
Assume that F contains a 4-configuration S coming from j blocks Ry, ..., R;. By Claim 3.6, S

spans exactly 6 vertices. By Proposition 3.8, there exists some block contributing 3 edges to S and
thus j = 2. Without loss of generality, we assume that t(R;) = 0. Then, R, contributes one edge
e € {b,uyvy, Uy} to S, and e shares two vertices with Ry. Since b,, ¢, cannot lie in other blocks,
we have eNV(R;) = {uy, v,}. On the other hand, since b1, c¢; cannot lie in other blocks, we also have
eNV(Ry) C {ay, uy, v1}. If e > a; then P; UP, contains a triangle a,u;v,, if eNV(Ry) = {uy, v¢} then
P; UP, contains a 4-cycle ajuja,vy, see Fig. 2. Both statements contradict Lemma 3.2(iii). Therefore,
F is 4-free.

Suppose that F contains an 8-configuration Q consisting of edges from j blocks Ry, ..., R;. By
Proposition 3.8, we have 1 < |I| < 2. Let ey, ..., eg_3 be the sequence of edges returned by
Proposition 3.8(C). First assume that |I| = 1 and t(R;) = 0. Without loss of generality, suppose
that e; belongs to R,; thus e; € {byuyv,, Coupv,}. Since by, ¢; cannot lie in other blocks, we
derive that e; N Ry = {uy, vp}. Similarly to the arguments in the proof of 4-freeness, we have
e1 NV(Ry) C {aj, u1, vq}. If e N V(Ry) = {ay, u1} or e N V(Ry) = {ay, vq}, then P; U P, contains
a triangle ayupv,. If e N V(Ry) = {uq, vy}, then P; U P, contains a 4-cycle aju a,v,. Both cases
contradict Lemma 3.2(iii).

The remaining case is that |I| = 2. Assume that t(R;) = t(R;) = 0. Then, by Proposition
3.8 and Claim 3.6, Ry U R, is a 6-configuration on 8 vertices. Thus, R; shares two vertices with
R,. Again by, c1, by, c; do not belong to other blocks. Therefore, V(R{) N V(R,) C {ay, uy, v1} and
V(R1) N V(Ry) C {ay, uy, vy}. Note that V(R;) N V(R,) cannot be {uq, v{} or {uy, vy}, as otherwise
Py U P, contains a triangle or C4. This means that P; and P, share one edge, and thus P; U P,
is a 3-path or a star. In the notation of Proposition 3.8(C), assume that e; comes from R3. By
Proposition 3.8(C), we have e; € {bsusvs, csusvs}. Then, e; shares two vertices us, vz with Ry UR;
and us, v3 € {ay, az, Uy, v1, Uy, vz}. This implies that the endpoints of P3 lie in V(P; U P,). One can
easily check P; UP, UPs; must contain a triangle, C4 or Cs, which is a contradiction to Lemma 3.2(iii).
Thus, F is 8-free. We proved Item (a) of Lemma 3.5.

Let us turn to Item (d). Observe that every 3-configuration in F comes from one block by
Proposition 3.8(A). Let us show that the same also holds for any 2-configuration. Suppose on the
contrary that a 2-configuration {eq, e,} satisfies, say, e; € Ry and e, € R, for distinct Ry, R,. Then,
ley Ney] = 2, which implies that e; € {bjujvy, ciuyv1} and e; € {byuyvy, couv,}. Again, since
by, by, c1, c; cannot lie in other blocks, we have e; Ne; = {uy, vi} = {uy, vy}. This gives a C4 in
P; U P, a contradiction.

Recall that F consists of |P| = |F|/3 copies of R. Thus, P{(F) = Uie[lP\]Pl(Ri)' Each block R

satisfies |P;(R)| = 8. Furthermore, P1(R;) N P1(R;) = & for every distinct i, j € [|P]| ], since otherwise
we would obtain a 2-configuration from distinct blocks. Hence, we have |P{(F)| = 8|P| = %|F|.
Moreover, we claim that P1,(F) = @. Indeed, every 2-configuration lies in a single block and
by our construction, every 2-claimed pair is also 1-claimed. Now let us consider P3;(F). By the

9
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arguments above, we know that every 3-configuration is a block. For a block R;, only a;u; and
a;jv; are 13-claimed, and these two pairs are edges of the union graph Up673 P. Consequently,
IP5(F)l < |Upep Pl < O(m*?) by Lemma 3.2. At the end, since F is 4-free, there is no pair
4-claimed by F. We conclude that P—4(F) = P=3(F) = $|F| + O(m*/?).

This finishes the proof of Lemma 3.5. O

Proof of Theorem 1.2. Let F be the 3-graph given by Lemma 3.5 for some m. Then F is gé3)—free.
By Theorem 3.1, we obtain
G)(n; 10,8 F 3 F
liminff (n: 10.8) > IF] > . #
n—00 n? 2|P-4(F)] ~— 16 |F|+ O(m3/2)

Since |F| = 2(m*? logm) = w(m*/?), we have 7(3,8) > 2 by taking m — co. O
4. Proof of the upper bound in Theorem 1.1

For the upper bound, we will use the following lemma, proved by Delcourt and Postle [3,
Theorem 1.7] for r = 3 and by Shangguan [12, Lemma 5] for r > 4, which enables us to exclude
smaller “denser” structures when considering the limit.

Lemma 4.1 ([12, Lemma 5]). For all fixed r > 3 and k > 3,

) Oy rk—2k+2,k) ex(n, g
lim sup < limsup ————.
n—oo n2 n—o00 Tl2

Lemma 4.1 gives that, when proving an upper bound on 7 (r, 8), it suffices to consider only
G\-free r-graphs.

Let us now briefly outline our proof strategy, which was inspired by [8,9]. Assume that G is an
n-vertex gé')—free r-graph. Starting with the trivial edge partition of E(G) into single edges, we apply
some merging rules and iteratively merge parts into larger clusters. The gér)—freeness allows us to
describe the possible structure of each final cluster. We then assign weights to some vertex pairs
within each final cluster (which is a subgraph of G). During this step, we ensure that every pair in
(V(ZG)) receives a total weight at most 1. This method enables us to derive an upper bound on |G| by
upper bounding the ratio of the number of edges to the sum of weights for each possible cluster.

We split the proof of the upper bound in Theorem 1.1 into two parts. First, we will introduce
the merging operation and analyse the structure of the final edge partition. In the second part, we
assign weights and finalise the proof.

4.1. Merging and analysing

4.1.1. Some common definitions and results

Recall that for an r-graph F and a pair uv, the set Cr(uv) consists of all integers j > 0 such that
F has j edges that together with uv include at most rj — 2j + 2 vertices. Note that, by definition, 0
always belongs to Cs(uv), which is notationally convenient in the statement of the following easy
but very useful observation.

Lemma 4.2 ([9, Lemma 5.1]). For any F"(rk — 2k + 2, k)-free r-graph G, any uwv € (*'’) and any

edge-disjoint subgraphs F, . .., F; € G, the sum-set Zf:] Cr(uv) = {Zle m; | m; € Cpi(uv)} does not
contain k.

As we mentioned in the introduction, our proof strategy to bound the size of an (rk — 2k + 2, k)-
free r-graph G from above is to analyse possible isomorphism types of the parts of some partition
of E(G) which is obtained from the trivial partition into single edges by iteratively applying some
merging rules. We build the final partition in stages (with each stage having a different merging

10
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rule) as the intermediate families are also needed in our analysis. Let us now develop some general
notation and prove some basic results related to merging.

Let G be an arbitrary r-graph. When dealing with a partition P of E(G), we will view each element
F € P as an r-graph whose vertex set is the union of the edges in F. Let A,B C N be any (not
necessarily disjoint) sets of positive integers. For two subgraphs F, H C G, if they are edge disjoint
and there is a pair uv such that A € Cg(uv) and B C Cy(uv), then we say that F and H are (A|B)-
mergeable (via uv). Note that this relation is not symmetric in F and H: the first (resp. second)
r-graph A-claims (resp. B-claims) the pair uv. When the ordering of the two r-graphs does not
matter, we use the shorthand A|B-mergeable to mean (A|B)-mergeable or (B|A)-mergeable. For a
partition P of E(G), its A|B-merging is the partition Mu;s(P) of E(G) obtained from P by iteratively
and as long as possible taking a pair of distinct A|B-mergeable parts in the current partition and
replacing them by their union. Note that the final partition Myp(P) is a coarsening of 7 and contains
no A|B-mergeable pairs of r-graphs. When P is clear from the context, we may refer to the elements
of My p(P) as A|B-clusters. Likewise, a subgraph F of G that can appear as a part in some intermediate
stage of the A|B-merging process starting with P is called a partial A|B-cluster and we let M;“B(P)
denote the set of all partial A|B-clusters. In other words, M;”B(P) is the smallest family of r-graphs
which contains P as a subfamily and is closed under taking the union of A|B-mergeable elements.
Note that, if F and H are A|B-mergeable via uv, then

AUB C Crug(uv) and A+ B C Crug(uvw). (8)

The first inclusion implies that the merging rule is monotone: merging parts preserves their
mergeability with others. Consequently, this implies that My;(P) is exactly the set of maximal
(by inclusion) elements of M;“B(P) and that the final partition Mgp(P) does not depend on the
order in which we merge parts. Indeed, this process defines the closure of 7 under the union of
A|B-mergeable parts, whose set of maximal elements is unique regardless of the merge order.

In the frequently occurring case when A = {1} and B = {j}, we abbreviate ({1}|{j}) to
(j) and {1}|{j} to j in the above nomenclature. Thus, (j)-mergeable (resp. j-mergeable) means
({1}1{j})-mergeable (resp. {1}|{j}-mergeable).

As an example, let us look at the following merging rule that is actually used as the first step in
our proof of the upper bound. Namely, given G, let

My = My (Puivial)

be the 1-merging of the trivial partition Pyjyia of G into single edges. We call the elements of M,
1-clusters. Here is an alternative description of M. Call a subgraph F C G connected if for any two
edges X,Y € F there is a sequence of edges X; = X,X5,...,X, = Y in F such that, for every
i € [m — 1], we have |X; N Xi1| > 2. Then, 1-clusters are exactly maximal connected subgraphs of
G (and partial 1-clusters are exactly connected subgraphs).

We will also use (often without explicit mention) the following result, which is a generalisation
of the well-known fact that we can remove edges from any connected 2-graph one by one, down
to any given connected subgraph, while keeping the edge set connected. The assumption of this
result, roughly speaking, is that the merging process cannot create any new mergeable pairs.

Lemma 4.3 (Trimming Lemma [9, Lemma 5.2]). Fix an r-graph G, a partition P of E(G) and sets
A, B C N. Suppose that, for all (A|B)-mergeable (and thus edge-disjoint) F,H € MAIB(P), there exist
(A|B)-mergeable F', H' € P such that F" C F and H' C H.

Then, for every partial A|B-clusters Fy C F, there is an ordering Fy, ..., F; of the elements of P that
lie inside F \ Fy such that, for every i € [s], U]';é F; and F; are A|B-mergeable (and, in particular, U}:O F
is a partial A|B-cluster for every i € [s]).

In the special case A = B = {1} (when partial clusters are just connected subgraphs), the
assumption of Lemma 4.3 is vacuously true. Since we are going to use its conclusion quite often,
we state it separately.

Corollary 4.4. For every pair Fy C F of connected r-graphs, there is an ordering Xy, ..., Xs of the
edges in F \ Fo such that, for every i € [s], the r-graph Fy U {X4, ..., X} is connected.

11



0. Pikhurko and S. Sun European Journal of Combinatorics 135 (2026) 104364

We say that an r-graph is a 1-tree if it contains only one edge. For i > 2, we recursively define an
i-tree as any r-graph that can be obtained from an (i — 1)-tree T by adding a new edge that consists
of a pair ab in the 2-shadow P;(T) of T and r — 2 new vertices (not present in T). Clearly, every
i-tree is connected. Like the usual 2-graph trees, i-trees are the “sparsest” connected r-graphs of
given size. Any i-tree T satisfies

2

(Recall that P4,(T) is the set of pairs which are 2-claimed but not 1-claimed by T.) Note that the
second inequality in (9) is equality if, for example, T is an i-path, meaning that we can order the
edges of the i-tree T as X, ..., X; so that, for each j € [i — 1], the intersection Xj; N (U’S=1 Xs)
consists of exactly one pair of vertices and this pair belongs to P;(X;) \ Pl(U’S:1 X;).

The following result shows that the 1-clusters of any g,(f)—free graph have a very simple structure:
namely, they are all small trees.

|P1(T)|=i<r>—i+1 and [Poy(T) = (i — 1) — 22, ©)

Lemma 4.5 ([9, Lemma 5.4]). With the above notation, if G is g,(:)-free, then every F € Mj is an m-tree
for some m € [k — 1].

4.1.2. Structural lemma for M,
Given a gg)—free r-graph G, we consider another edge partition

My = Mgy y(Ma),

which is obtained from M by iteratively merging (2)-mergeable pairs. Let M), := ME]”(Z}(MQ be

the set of all partial {1}|{2}-clusters. For simplicity, we call the elements of M, (resp. M) 2-clusters
(resp. partial 2-clusters).

In Lemma 4.7 below, we provide some combinatorial properties of 2-clusters, which will allow
us to assign appropriate weights and then achieve correct upper bound in the next section. Before
moving to the structural lemma, we first introduce some definitions.

For F € M, which is made by merging 1-clusters Fy, ..., Fy in this order as in Lemma 4.3, we
call the sequence (|Fy|, ..., |Fn|) of sizes a composition of F. Its non-increasing reordering is called
the (non-increasing) composition of F. Given an r-graph F, we say that an edge e € E(F) is flexible
in F if there are r — 2 distinct vertices vy, ..., v,_» € e such that, for each i € [r — 2], v; does not
belong to any other edge of F. We also call the set of these r — 2 vertices {vy, ..., v,_3} a flexible
set. This means that if we delete a flexible set from V(F), then F will lose only one edge. In the
following, we will refer to “removing/deleting” a flexible edge e from F as removing edge e and all
r — 2 vertices in its flexible set. We denote by Q(F) C E(F) the set of flexible edges of F, and let
q(F) == [Q(F)I.

Lemma 4.6. For every m-tree F with m > 2, we have q(F) > 2.

Proof. We use induction on m. For m = 2, a 2-tree is a pair of edges sharing exactly two vertices.
Thus, both edges are flexible. Now consider an m-tree F with m > 3. Recall that F can be obtained
from an (m — 1)-tree, say F/, by adding a new edge e which consists of a pair ab in the P;(F’) and
r — 2 new vertices. Therefore, e € Q(F). On the other hand, by induction hypothesis, F’ contains
two flexible edges e, e;. Let S C ey, and S, C e; be the flexible sets of e; and e, respectively. Then
S1Ne; =S, Ne; = @, by the definition of flexible set. We claim that the new added edge e cannot
intersect both S; and S,. If it intersects both, then one of the two intersection vertices a, b lies in S;
and the other in S,. Since ab € P;(F’), the pair ab is covered by some edge e3 € E(F')\ {e1, e»}, which
contradicts that S, S, are flexible sets of F’. Hence, without loss of generality, we can assume that
eNS; = @. As a consequence, e is also a flexible edge of F and q(F) > 2. O

One big challenge in proving tight upper bounds for k = 8 (also present for smaller k) is that
there may be exceptional 2-clusters, that is, 2-clusters that contain more than k edges (while being

12
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Q,(:)—free). We will now describe some families of 2-clusters that, as claimed by the first part of
Lemma 4.7, include every exceptional one. Recall that if we do (A|B)-merging then A refers to the
r-graph mentioned first (and B to the r-graph mentioned later).

Let A be the family of 9-edge 2-clusters with a composition (5, 2, 2) which can be obtained as
follows. Take any 5-tree S; in M with exactly two flexible (r —2)-sets A; and A,. (In fact, every such
tree S; can be shown to be a path but we will not need this.) Then (1|2)-merge S; with diamonds
D1, D, € M; so that the pair x;y; in P1(S1) 2-claimed by the diamond D; intersects A; fori = 1, 2.

Let B be the family of 9-edge 2-clusters B with a composition (1, 2, 4, 2) that can be obtained as
follows. We start with a single 1-tree Sy, that is, with a single edge. Then we (1|2)-merge S; with a
2-tree (diamond) S, and with a 4-tree S3 via any two distinct pairs in P1(S;). Then we (1]2)-merge
S5 with a diamond S,.

Let us remark that, since a 9-edge 2-cluster in a gg)—free r-graph cannot have a flexible edge,
we can describe the structure of B € B more precisely. For example, it must hold that g(S3) < 3
and each flexible (r — 2)-set of S; is made inflexible as the result of the two mergings involving
S3. However, here (and later) we prefer to give simple descriptions that, even if less precise, are
nonetheless enough for our proof.

Let C; be the family of 9-edge 2-clusters with a composition (3, 2, 2, 2), which can be obtained
from a 3-tree S by 3 times iteratively 1|2-merging the current r-graph and a new diamond.

Let C; be the family of 11-edge 2-clusters with a composition (3, 2, 2, 2, 2) which can be obtained
by taking one element F of ¢; and (1|2)-merging it with a new diamond.

Let £ be the set of 9-edge 2-clusters with a composition (1, 2, 3, 1, 2) that can be obtained as
follows. We start with a 1-tree S; and (1]|2)-merge S; via distinct pairs of P{(S;) with a diamond
S, and a 3-tree S;. Then we (2|1)-merge S; U S, U S3 with another 1-tree S4. A last diamond Ss is
(2]1)-merged with S,.

Let F be the set of 9-edge 2-clusters with a composition (1, 2, 2, 2, 2) which can be obtained as
follows. We can start with a single 1-tree S; and (1]2)-merge S; via distinct pairs of P;(S;) with two
diamonds D5, Ds. Then (2]|1)-merge S; U D, U D3 with a new diamond D4 so that the common pair
is in P1,(D;) U P1,(D3) and belongs to exactly one edge of Dy4. The last diamond Ds is (2|1)-merged
with D4 via a pair in P;(e), where e is the unique flexible edge of S; U D, U D3 U D4 (which belongs
to Dy).

Let S; be the family of (2i + 1)-edge 2-clusters obtained from a single 1-tree S; by i times
iteratively (1]2)-merging the current r-graph with diamonds Dy, ..., D;. Thus each element of S;
has a composition with one entry being 1 and i entries being 2.

See Fig. 3 for some illustrations of the above families.

Lemma 4.7. The following two statements hold.

e For any F € M, with |F| > 9, F belongs to A, B, C1, Cp, £, F or S; with i € [4, 3()].

e For any F € My with a composition (e, ..., en), we have
m
r
Py(F)| = gﬂ“] (e,(z) —e+ 1) and |P5,(F)| > 1—m+ ;(e,- —1)(r—22% (10

Proof. Consider F € M; with |F| > 9 and assume that F is obtained by merging m 1-clusters
Ty, ..., Tn € My in this order.

Let s € [m] be the first index such that | (J;_, Til > 9 and let H := [ ;| Ti. Then |H| < 7. As F is
(8r — 14, 8)-free, we have |T;| > 2. If T; 1-claims a pair which is 12-claimed by H, that is, T; and H
are (2)-mergeable, then by Corollary 4.4 we can remove some edges from T; to get an (8r — 14, 8)-
configuration inside H U Ty, a contradiction. Thus T; must 12-claim some pair xy 1-claimed by H.
Let D C T be the diamond 12-claiming xy. Note that |[H U D| > 9, as otherwise using Corollary 4.4,
we can remove some edges from T; \ D one by one to obtain an (8r — 14, 8)-configuration. Thus
|H| = 7.

Let T{ :=T; and let T} € {Ty, ..., T,_1} be a 1-cluster 2-mergeable with T; via xy. Let (T;, ..., T})
be the ordering of {Ty, ..., T;_¢} returned by Lemma 4.3 for the partial 2-clusters T, C Uf;] T.
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Fig. 3. Examples of 2-clusters in A, B, Ci, C3, &, F, S4 and Sg for r = 4. Here distinct colours represent different

1-clusters.
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Therefore, for each i = 2, ..., s the 1-cluster T, is 2-mergeable with the partial 2-cluster U]l;} T/

Let t € [s] be the first 1ndex such that | U, 1T/l =9.SetH = Uf;]l T{. By the same argument as
in the previous paragraph, we have that |H'| = 7 and there is a diamond D’ C T} such that H" and
D' are (2)-mergeable.

Thus, we have a partial 2-cluster F/ := | J'_, T/ with at least 9 edges built via the sequence
(T;,T;, ..., T{) so that the first 1-cluster T; = T, (resp. the last 1-cluster T;) is merged with the
rest through a pair which is 12-claimed by the diamond D C T (resp. D' € T/). Here we have the
freedom to trim one or both of these two clusters, leaving any number of edges in each except
exactly 1 edge. It routinely follows that |T;| = |T/| = 2 (thatis, T; = D and T = D’) and the
1-clusters T/ with 2 <i <t — 1 contain exactly 5 edges in total.

Furthermore, we note that F/, with |[F'| = 9, cannot contain flexible edges, as otherwise we can
remove such an edge to get an (8r — 14, 8)-configuration. This allows us to prove the following
claim about the partial 2-cluster F’.

Claim 4.8. Let (S1, Sz, ..., S:) be an arbitrary sequence of 1-clusters that can be merged in this order
to give F'. For any i € [t] and any flexible edge e of U;:l S;j, there exists a tree S; with k € [i+ 1, t]

such that U;=1 Sj 1|2-merges Sy via some pair xy intersecting the flexible set of e.

Proof. For i € [t], let u;ju; be a pair such that U 1Sj and S; are 1|2-mergeable via u;v;. Due to
gg) freeness, one can easily prove by induction that for each i € [t — 1], the partial 2-cluster

U 1 S (having Z] 1 ISj| edges by definition) has exactly (r Z)ZJ=1 S| + 2 vertices. Therefore
the followmg holds:

fori e [t — 1], we have V(U YN V(S) = {u;, vi). (11)

Given a flexible edge e € U _15j, the flexible set W of e must intersect some edge of U —i11 50
as otherwise e is a flexible edge of the whole F’ and we can remove it to get an 8-configuration. Let
k € [i+ 1, t] be the smallest integer such that V(S,) and W intersect. Let x be a vertex in V(S;)NW.
We prove that S, satisfies the property in Claim 4.8. First, if k < t — 1, then by (11) we have that
V(L_lef:_]1 S;)NV(Sk) = {uk, vk} and then x e {uy, vi}. Suppose to the contrary that S, 1|2-merges with
some S, with i+ 1 < ¢ < k — 1 rather than with U,Ll S;. Then it means that x € {uy, vi} € V(Se)
and x € V(S;) N W, which contradicts to the fact that k is smallest integer such that V(S;) and W
intersect.

Assume now that k = t as otherwise we are done by the above argument. If there exists
x € V(S;)NW such that x belongs to {u;, v;}, then by a similar argument, S; is as desired. Otherwise
{ug, v }NW =g, and F' = U;:] S; has exactly 9 edges with at most

t—1
(r=2) ) ISl 424 (r = 2)ISi| — [V(S)NW| = 9(r —2) +2 — [V(S;) N W]|
j=1
vertices. Since k = t is the smallest integer such that V(S;) and W intersect, if we remove the edge
e and the vertex set W \ V(S;) from F’ then we obtain an r-graph with 8 edges and at most
Ir—2)+2—|V(S)NW| = [WA\V(S) =9(r—2)+2— [W|=8(r—2)+2
vertices. This contradicts the 8-freeness of F/. O

For i e [t], define €] := |T/|. We know that e] = e; = 2 and Zle e; = 9. This leaves us with
several possibilities for the sequence (e, ..., e;).

Case 1. (2,5, 2)
We know that the unique 5-tree T in F’ (1]|2)-merges with two diamonds D, D’ via two merging

pairs, say from e, €/, respectively. Then by gér)—freeness, we have q(T) = 2, as otherwise we are able
to remove one flexible edge not containing the merging pairs to obtain an 8-configuration. Thus the
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partial 2-cluster F’ belongs to .A. Note that |V(D) N V(D')| < 1, as otherwise we could trim one edge
of T and get an 8-configuration. Also, this configuration F’ cannot 2-merge with further 1-clusters.
Indeed, if F’ (1|2)-merges with some 1-cluster Sy via a merging pair from a diamond Dy C Sy, then
we can trim either DU {e} or D’ U {e’} from F’ U Dy to obtain an 8-configuration. On the other hand,
if F’ (2|1)-merges with some 1-cluster Sy via a merging pair from an edge ey € Sp, then we can trim
either D or D’ from F’ U {ey} to obtain an 8-configuration. Therefore F = F’. Also, (10) follows easily
from the above claims (combined with (11)).

Case 2. (2,4, 1, 2) and its permutations

By Lemma 4.3, there is a merging sequence starting with the 1-cluster S; which is a single
edge. Then the only edge e of S; is a flexible edge, and by Claim 4.8, there exists a 1-cluster in
the remaining part, say S,, (2|1)-merging S;. The 1-cluster S, is a 2-tree or 4-tree, and e is still a
flexible edge of S; U S,. Applying Lemma 4.3 with the partial 2-cluster S; U S, and Claim 4.8 with
the flexible edge e of S; U S,, we obtain another 1-cluster, say Ss, (2|1)-merging S;. If S, and S5 are
both 2-trees then, when 1|2-merging the remaining 4-tree S4, we can trim one edge from S, (using
Corollary 4.4) to get an 8-configuration. Thus S, and S5 are a 2-tree and a 4-tree in some order, also
they attach to S; via different pairs as otherwise S; US, US3 has at least 2 flexible edges. Assume by
symmetry that S is a 4-tree. Then the diamond S; must (2|1)-merge S; via a pair u4v,4 intersecting
a flexible set of S that is still flexible in S; U S, U Ss. This means that F’ € B.

Let us argue that no pair in P13(S4) \ {ugv4} is 1-claimed or 2-claimed by S; U S; U Ss3. Indeed,
suppose on the contrary that there exists a pair ab € P15(S4) \ {u4v4} 1-claimed or 2-claimed by
S1US, USs. If ab € P15(S1 U S3), then S; U S3 U S, forms a configuration of gé”. Otherwise we have
ab € P15(S3) (since P13(S1 U Sy U S3) = P1(S1 U S3) U P13(S7) in this case). Then we can trim S; and
get an 8-configuration S, U S3 U Sy.

Also, F’ cannot 2-merge with further 1-clusters. Indeed, if F’ (1|2)-merges with some 1-cluster
Sp via a merging pair from a diamond Dy C Sy, then we can trim either S; U S, or S4 together with
an edge from S3 containing u4v4 from F’ U Dy to obtain an 8-configuration. On the other hand, if
F’ (2|1)-merges with some 1-cluster Sy via a merging pair from an edge ey € So, then we can trim
either S, or S4 from F’ U {ey} to obtain an 8-configuration. It follows that F = F" and (10) holds.

In the subsequent discussions, we always denote by u;v; a pair via which U;;} Sj and S; are
1|2-mergeable; note that this pair is unique ifi <t — 1 by (11).

Case 3. (2, 2, 3, 2) and its permutations

Using Lemma 4.3, we consider the sequence starting from the 3-tree Sy. If Sy consists of three
flexible edges e, e;, e3, i.e. S; is a 3-star, then by Claim 4.8, there exists a 2-tree S, 1|2-merging
S1 via some pair xy where x belongs to the flexible set of an edge of Sy, say, e;. If S; (1]2)-merges
S1 via xy, then y belongs to the flexible set of e, or e;. Without loss of generality, let us assume
that y € e; and e € S, is an edge containing xy. Then e3; and the edge of S, different from e are two
flexible edges of S;US,. By using Claim 4.8 twice, the remaining two diamonds Ss, S; will 1|2-merge
with S; U S, via pairs in e; and in the edge of S, different from e respectively. We actually know
that S3, S4 will (2|1)-merge with S; U S,, since otherwise we can trim one edge from S; or S4 to
obtain an 8-configuration. By an argument similar to those in the previous two cases, no further
2-merging is possible, as otherwise we can trim a diamond (together with an edge if needed) to
obtain an 8-configuration. Also, no pair in P13(S4) \ {u4v4} is 1-claimed or 2-claimed by S; US; U S5
by gg)—freeness. Thus F = F’ € ¢y and (10) holds. On the other hand, if S, (2|1)-merges Sy, then
both x and y belong to e;. We still have two flexible edges e;, e3 € S; U S,. By Claim 4.8, either S3
(1]2)-merges S; U S, via some pair intersecting both e, and e; (which is exactly as in the previous
case), or S3 (2|1)-merges S; U S, via a pair in e;. In the latter case, S, will (2]|1)-merge S; U S, U S3
via a pair of e3. By similar arguments, F = F’ € C; and (10) holds.

Now let us assume that S; has exactly two flexible edges e;, e;. Note that in this case eq, e;
cannot form a diamond. By Claim 4.8, there exist two diamonds S,, S3 1|2-merging S; via two pairs
intersecting the flexible sets of eq, e, separately. If one of S,, S3 (1|2)-merges with Sy, say S, then
S1US,US3 would have a flexible edge from S,. Then S4 will (2]1)-merge with S;US, US3 (specifically,
via the flexible edge of S,). Let us argue that no pair in P13(S4) \ {u4v4} is 1-claimed or 2-claimed by
S1US, USs. Indeed, suppose on the contrary that there exists a pair ab € P13(S4) \ {uqv4} 1-claimed
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or 2-claimed by S; U S, U S3. If ab € P15(S; U S3), then S; U S, U S4 forms a configuration of gg).
Otherwise we have ab € P15(S3), then we can trim an edge of S, containing u4v4 from S;US, US3US,
and get an 8-configuration. Similarly to the previous cases, no further 2-merging is possible. Again
F = F' € ¢y and (10) is satisfied. Suppose that both S,, S3 (2|1)-merge with S; via distinct pairs from
e, e; respectively. Then S, also (2|1)-merges with S; U S, U S3, as otherwise we are able to trim
an edge of S, using Corollary 4.4 and get an 8-configuration. Also due to gg)—freeness, (10) holds.
For further mergings, F’ cannot (2|1)-merge other 1-clusters, as we could always trim S,, S3 or Sy
to find an 8-configuration. However it is possible for F’ to (1|2)-merge a 1-cluster Ss. Then S, and
Ss must (2|1)-merge with S; U {e1} and S3 U {e,} respectively. Indeed, if not, one can trim S, U {e;}
or S3 U {e,}, obtaining an 8-configuration. Moreover Ss is a diamond, as otherwise we can trim Sy
and S,. Similarly, by gg)—freeness, no pair in P,(Ss) \ {usvs} is 1-claimed or 2-claimed by F’ and no
further 2-merging is possible. Hence F = F' U S5 € C, and (10) holds for F.

Case 4. (2, 1, 1, 3, 2) and its permutations

By Lemma 4.3, let us re-order the sequence starting from a 1-tree S; = {e;}. Notice that neither
a 3-tree nor a 1-tree can be the last 1-cluster in the sequence, as otherwise we can trim one edge
from F’ and the remaining r-graph is an 8-configuration. By Claim 4.8, there exists a tree S, (2|1)-
merging S;. Since ey is still a flexible edge of S;US,, we use Claim 4.8 again and obtain a 1-cluster S3
(2]1)-merging S; U S, via a pair in e;. The next 1-cluster S, in the sequence must be the remaining
1-tree (1]2)-merging S; US; USs. Since the 3-tree is not the last 1-cluster in the sequence, one of S,
and S3 is the 3-tree and the other is a diamond. Assuming S, is a diamond and Ss is a 3-tree, then
there is an edge e of S3 such that e is a flexible edge of S; US, USs. Since a 1-tree cannot be the last
cluster, we derive that S, (1]2)-merges S; U S, U S3 via a pair intersecting e, and the subsequent Ss
would (2|1)-merge with S4. By gg)—freeness, no pair in P,(Ss) \ {usvs} is 1-claimed or 2-claimed by
S1US; US3 US, and F’ cannot 1|2-merge more trees. Therefore F' = F € £ and (10) holds.

Case 5. (2, 2, 1, 2, 2) and its permutations

Let S; be the unique 1-tree in the sequence, and let S,, S3, S4, S5 be the remaining 4 diamonds.
As before, by Claim 4.8, some two diamonds, say S, and Ss, (2]1)-merge S; via two distinct pairs of
P1(S1).

If S4 (1]2)-merges S;US, US3 via a pair of e € Sy, then the edge of S different from e is a flexible
edge of S; US, US3 US,. The last 1-cluster S5 would (2]1)-merge Sy, since a (1]2)-merging of S5 and
S4 would enable us to trim one edge and this contradicts 8-freeness. Similarly, due to gg)—freeness,
no pair in P5(Ss5) \ {usvs} is 1-claimed or 2-claimed by S; U S; U S3 U Sy and F’ admits no further
1]2-mergings. This case implies F = F' € F and (10).

The other case is that S4 (2|1)-merges S; US, USs. Then the next merging is that S5 (2|1)-merges
S1US, US3US, (as otherwise F” would contain a flexible edge coming from Ss). Thus F' € Sy. It
remains to prove that F D F’ is in S; for some i € [4, 3(;)] and (10) holds.

Let F be made by starting with F’ and consecutively merging 1-clusters Sg, S7, ..., Sy of F \ F’
in this order. Call a 1-cluster S; for i > 2 of type ab if, in the merging chain from S; to the minimal
partial 2-cluster containing S; U S;, the first merging step is via a pair ab € P;(S1). (Note that the
vertices a, b are not necessarily in S;, for example, S; can merge with a diamond 2-claiming ab.)
By convention, assume that Sy is of all (;) types. Observe that at least two of the initial diamonds
S5, S3, S4, Ss must be of different types (as otherwise S, US3 US4 USs would be an 8-configuration).

Denote H; := S;U---US;_1. To prove that F € S; for some i € [4, 3(;)] and (10) holds, it suffices
to prove the following.

Claim 4.9. For every i € [2,m], S; is a diamond that 12-claims some previously 1-claimed pair
X;yi € P1(H;), and no pair in P1,(S;) \ {xi, yi} is 1-claimed or 2-claimed by H;. Also, m < 1+ 3(;)

Proof. We prove the first part by induction on i € [2, m]. It is easy to check in the base case i € [5].
Let i > 6 and let the 1-cluster S; be of type ab. Note that we have at most 3 diamonds of each type
(otherwise the first four diamonds of any fixed type would form a forbidden 8-configuration). If
some edge ¢’ € S; 1-claims a pair 12-claimed by H;, then by keeping only this edge ¢’ and removing
one by one diamonds of types different from ab, we can reach a sub-structure with exactly 8 edges,
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a contradiction. So let the diamond D; C S; 12-claim a pair x;y; € Pi(H;). There are at most two
previous diamonds S;, Si of the same type as S; (otherwise D; with three such diamonds would give
an 8-configuration). It follows that D; = S; as otherwise a forbidden 8-edge configuration would be
formed by Sy, D;, some suitable edge of S;\ D; plus diamonds S;, Sy of type ab (if exist) or one or two
diamonds 12-claiming a pair in P;1(S1) \ {ab} (such diamonds exist among S,, S3, S4). If S; contains
some other vertex z; &€ {x;, y;} from an earlier 1-cluster of the same type ab, then some edge €’ of S;
shares at least two vertices with Hj, again leading to a forbidden 8-configuration in H;U{e’}. Thus we
are done (with proving the inductive statement and thus F € S; where i € [4, 3(;)] and (10) holds
for this F) unless P1,(S;) contains a pair uv with both vertices in a 1-cluster S, of some different
type a’b’ (where {u, v} may possibly intersect {x;, y;}). If the number of earlier diamonds of types ab
and a’'b’ is at least 2 in total, then by trimming some diamonds if necessary, we can obtain exactly
two diamonds that, together with S;, S;, form an 8-configuration; otherwise we have at most 3
diamonds of type ab or a’b’ (including S;, S;) and these diamonds together with S; have i < 7 edges
and form an (i(r — 2) + 1, i)-configuration, a contradiction to gér)—freeness.

The final inequality m < 1+ 3(;) follows from the fact that there are at most 3 diamonds of
each type ab € Py(Sy). O

Case 6. (2,2,1,1, 1, 2) and its permutations

This case is actually impossible. Indeed, let us consider the sequence starting from a 1-tree S;.
Using Claim 4.8 twice, note that some two diamonds, say S, and Ss;, would (2|1)-merge S; via
two distinct pairs of P;(S;). Observe that a 1-tree cannot be the last 1-cluster in the sequence, as
otherwise we can trim it from F’ and obtain a forbidden 8-configuration. Therefore, the next two
1-clusters S4, S5 are 1-trees (1|2)-merging with the previous partial 2-clusters (and they cannot form
a diamond by the merging rule). So S4, S5 are two flexible edges of u;":]s,». However, the subsequent
merging of the diamond Sg can eliminate only one flexible edge, say S4, from U?:]Si, and we get a
forbidden 8-configuration by removing Ss from F’.

Case 7. (2,1, 1,1, 1, 1, 2) and its permutations

This case is also impossible. Again consider the sequence starting from a 1-tree S;. Using Claim
4.8 twice, the two diamonds, say S,, S3, would (2|1)-merge S; via two distinct pairs of P;(S1). This
contradicts to the fact that a 1-tree cannot be the last 1-cluster in the sequence.

It remains to prove (10) for a 2-cluster F with |F| < 9. Here, by 8-freeness, we have |F| < 7.
When we construct F by merging 1-clusters one by one, by gg)—freeness each new 1-cluster shares
exactly 2 vertices with the current configuration (namely, the pair of vertices through which the
merging occurs). Thus (10) follows.

This finishes the proof of Lemma 4.7. O

4.2, Assigning weights

For every 2-cluster F and every pair xy € (V(ZF )), we will define some real wg(xy) € [0, 1] which

we will call the weight of xy given by F. Then we define

w(F) :== Z wr(xy), forF e My,
we("y)
and
w(xy) == Z wr(xy), forxy e (7).
FeM,
")

xye

If the following inequalities hold for every xy € (") and F € My:

1,
= (" \F 13
= (3)m (13)

18
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w(F)
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then we would have that

=Y IF=y (;>1w(m= (;)1 > i) < (;)1@ (14)

FeM, FeM,y xye(v(zc))

giving the desired upper bound.
We shall adopt two different weight assignment strategies for the cases whenr > 5 and r = 4.

4.2.1. Weight functions forr > 5
For a 2-cluster F and a pair uv € (

1 if 1 € Cg(uv),
wp(uv) =1 1/3 if 2 € Ce(uv) and 1 ¢ Cp(uv),
0 otherwise.

V(F)

5), we define the weight

The following claim shows that our weights satisfy (12).

Claim 4.10. For every uv € ("\"), it holds that w(uv) < 1.

Proof. Given uv € (V(ZG)), let F1,...,F; € M; be all 2-clusters assigning positive weight to uv,

ordered so that wg, (uv) > wg,(uv) > --- > wg(uv). By the definition of weights, each F; satisfies
either that 1 € Cg(uv) or that 2 € Cg(uv) and 1 ¢ Cg(uv).

If wr,(uv) = 1, namely 1 € C,(uv), then 2 ¢ Cp(uv) for any other 2-cluster F € M; \ {Fi},
as otherwise we would merge them together by the merging rule of M;. Therefore, s = 1 and
w(uv) = wr(uv) =1=< 1.

If w,(uv) = 1/3 (which implies 2 € Cg,(uv)), then by Lemma 4.2, the number of 2-clusters
F € My \ {F1} with 2 € Cg(uv) is at most 2. Thus s < 3 and w(uv) <3 - wg(uv) < 1. O

Now, it is sufficient to verify (13) for every F € Ms.

Claim 4.11. Let r > 5. For all F € My, we have w(F) > ()|F].

Proof. Suppose that F is obtained by merging m 1-clusters Ty, ..., T, € My with |T;| = e;. Then
by Lemma 4.7, we have

Fl =" e IPi(F) = Z(ei(;) —e+ 1) and [P3,(F)| = 1—m+ Y (e — 1)(r — 2)%.

ie[m] ie[m] ie[m]
Recall that
1
wF)= Y wxy) = IPi(F) + 3 IPp,(F)l
we('"P)

By routine calculations, we have from the above that

4m 2 2(r*—4r+4
20(F)~ (%~ | = (7 —r = 20|+ 4 2+ 2 ey 2 e
202 —4r +1) dam 2 2’ —4r+4)
= ——— " |F — - - = @ 7
3 |F| + 3 +3 3 m
207 —dr+1)-(Fl=m)— 2m+ 2
= —(r*—4r . —m)—-—m+ —.
3 3 3
(15)
To see that the right-hand side of (15) is at least 0, it suffices to verify the following:
Flzm+ (16)
m+ —-———:.
- r2 —4r 41
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Note that |F| > m + 1, since there must exist an i-tree in the sequence with i > 2 according to
the merging rule. Hence given that r > 5, if m < 7 then we derive that
m-—1 — m-—1
m+ ———.
- r2—4r+1
On the other hand, if m > 8, then |F| > 9. By Lemma 4.7, we conclude that F € S;;,_1 (as any other
family has m < 8). Thus,

[Fl=m+1>m+

m—1

r2—4r+1
This finishes the proof of the upper bound forr > 5. O

Fl=2m-1)+1=m+

4.2.2. Weight functions for r = 4

For a 2-cluster F and uv € (*{"

©”), we define the following functions h{:

F )1 if 1 e Ge(uv), F ) 1/3 if 2 € Ge(uv),
hy(uv) = 0 otherwise, hy(uv) = 0 otherwise,
F ) 172 if 2,4 € Ce(uv), F |} 1/2 if3,4,5 € Ce(uv) and uv ¢ P4(G),
h3(uv) = 0 otherwise, hy(uv) = 0 otherwise,
F _ )] 1 if3,5,6 € Ce(uv) and uv ¢ P1(G),
hs(uv) = 0 otherwise.
We assign the weight
wr(uv) = max hE (uv).
<i<
Claim 4.12. For every uv € (*'), it holds that w(uv) < 1.
Proof. Given uv € (V(ZG)), let Fi,...,Fs € M; be all 2-clusters assigning positive weight to uv,
ordered so that wg, (uv) > wg,(uv) > --- > wg(uv). In the following proof, let h; mean hf’, the

function coming from the 2-cluster F; (that assigns the maximum weight to uv).

Case 1. wp, (uv) = 1.

There exists some i € {1, 5} such that wg, (uv) = hj(uv) = 1.

If wg,(uv) = hy(uv) = 1, then 1 € Cg(uv), which means that uv e P;(G). Thus, given an
arbitrary 2-cluster F € M, \ {F}, it holds that hfj(uv) = hf(uv) = 0. Note that 2 ¢ Cp(uv),
since otherwise F; would merge with F by our merging rule for M;. Thus hg(uv) = hg(uv) = 0.
Analogously, by the merging rule for M, we have 1 ¢ Cg(uv) and hq(uv) = 0. Hence, wr(uv) =0
and w(uv) = wr, (uv) = 1.

If wr,(uv) = hs(uv) = 1, then 3,5,6 € Cg(uv) and uv ¢ Py(G). For every other 2-cluster
F € My \ {Fi}, we know by Lemma 4.2 that 2,3 ¢ Cp(uv) and thus hi(uv) = hi(uw) =
hi(uv) = hE(uv) = 0. Since uv ¢ P4(G), hf(uv) = 0 as well. In total, we have wg(uv) = 0 and
w(uv) = wr, (uv) = 1.

Case 2. wr, (uv) = 1/2.

In this case, we know wg, (uv) € {h3(uv), hy(uv)}. This means 4 € Cg,(uv). For every other 2-
cluster F € M5 \ {F;}, we derive by Lemma 4.2 that 4 ¢ Cp(uv), and thus wg(uv) < hg(uv) =1/3.
Again by Lemma 4.2, there is at most one 2-cluster of M, \ {Fi}, say F,, such that 2 € Cg,(uv) and
wr, (Uv) = hgz(uv) = 1/3. Therefore, w(uv) < wr, (uv) + wg,(uv) < 1/24+1/3 < 1.

Case 3. wr, (uv) = 1/3.

In this case, we know wg, (uv) = hy(uv) which implies 2 € Cg (uv). By Lemma 4.2, there are
at most two 2-clusters in M \ {F;} that 2-claim the pair uv. Each of these clusters (if exists)
contributes at most 1/3 while all other clusters do not contribute anything to the weight of uv.
Thus w(uv) < wg,(uw)+2/3=1. O
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Claim 4.13. Letr = 4. For all F € M,, we have w(F) > 6 |F|.

Proof. Let h; refer to hf. Assume that F is obtained by merging m 1-clusters Ty, ..., T, € M; with
|T;] = e;. Let us first focus on 1-claimed pairs P;(F) and 12-claimed pairs P+,(F). Each pair of Py(F)
will contribute the weight 1 (by the definition of h;), and each pair of P1,(F) contribute at least
weight 1/3 (by the definition of h,). We start with determining those 2-clusters F such that the
weights contributed by P;(F) U P1,(F) is sufficient, i.e. w(F) > |P1(F)| 4 |[P3,(F)|/3 > 6 |F|.

By Lemma 4.7, we have

Fl = e, IPy(F) =) (Sei+1) and [Py, (F)| = 1—m+4) (e —1).

ie[m] ie[m] ie[m]
Then,
1
wF)=" 3 we(w) = P1(F)| + 5 IP5,(F)
we("P)
1 17
25|F|+m+§(l—m+4|F|—4m) (17)
19 ] 2 _— 1
T3 3 3

Thus if |F| > 2m — 1, then the expression in (17) is at least 6 |F]|.
Now it is sufficient to consider the case where |F| < 2m — 1. We split the remaining discussion
depending on the value of m.

Case1.m < 2.
This case is impossible. Indeed, by the definition of 2-merging, we have at least one 1-cluster of
size at least 2 in the sequence of forming F. However, then |F| > m+ 1> 2m — 1.

Case 2. m = 3.

We know 4 = m+ 1 < |F| < 2m — 1 = 5. Thus |[F| = 4 and F has a composition (2, 1, 1)
where a diamond D C F 12-claims two pairs x1y1, X,y» through which two 1-trees merge to D.
These pairs are distinct as otherwise the two 1-trees would be in the same 1-cluster. Also, note
that 2, 4 € Cr(x1y1) N Cp(X2y2)- Thus we(xyi) > hs(xy:) = 1/2, and

w(F) = > we(xy) + we(xiy1) + w(xy2) > 23 + % + % =24=6-4
xyePy(F)
Case 3. m = 4.

In this case, we have 5 = m+1 < |F| < 2m—1 = 7. We split the proof into two cases depending
on the size of F.

First, suppose that |[F| = 5. Then F possesses a composition (2, 1, 1, 1). Consider an arbitrary
1-tree T and the diamond D (12-claiming a pair in T) in the sequence. It is easy to see that
|[P535(F)l > |P33(DUT)| = 8. By 8-freeness, at most 2 pairs of P3;(F) lie in P1(G). Therefore,
the remaining pairs uv € P333(D U T) \ P1(G) satisfy 3, 4,5 € Ce(uv) and wr(uv) > hy(uv) = 1/2.
Hence, by Lemma 4.7, we get

1
wF)= Y weby)+ Y, w(x)=29+(8-2)x 5 =32>65,
xyePy(F) Xy€P15,(DUT)\Py(G)

as desired.

Thus it remains to consider the case |[F| = 6. Then the non-increasing composition of F is
(2,2,1,1)o0r(3,1,1,1).

Let us show that there is at least one flexible 1-tree Ty in F. Indeed, for (2, 2, 1, 1), re-order the
sequence starting from a 1-tree e; if e is not flexible edge of F, then the two diamonds (2|1)-merge
with e and the other 1-tree is flexible. For (3, 1, 1, 1), each 1-tree is flexible. So a flexible 1-tree Ty
exists.
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Let T # Ty be another 1-tree in F (which could be flexible), and let D € F be a diamond
2-claiming a pair of Py(T). As before, |[P535(DUT)| = 8. At most one pair of |P333(D U T)] lies in
P1(G) by ggl)—freeness. Moreover, since F has a flexible edge (namely, the one in Ty), each pair uv of
P333(DUT)\ Py(G) satisfies 5,6 € Cg(uv) and, hence, wr(uv) > hs(uv) = 1. Together with Lemma
4.7, this implies that

w(F)> > we(xy) + > wp(xy)>34+7x1=41>6-6.

xyePq(F) XyEP133(DUT)\P1(G)

Case4.m = 5.

In this case, we have 6 = m + 1 < |F| < 2m — 1 = 9. By 8-freeness, |F| # 8.

First suppose that |[F| = 6. Its non-increasing composition must be (2, 1, 1, 1, 1). Here every 1-
tree of F is flexible. Consider the diamond D and a 1-tree T with D 2-claiming a pair in T. As before,
|[P335(DUT)| = 8 and, by gg”—freeness, there is at most one pair in P{35(D U T) that lies in P;(G).
By trimming one flexible edge from F if needed, we know that each pair uv € P335(DUT) \ P1(G)
satisfies 5, 6 € Cg(uv). Hence, wr(uv) > hs(uv) = 1 and by Lemma 4.7,

wF) = Y we)+ Y. wxy)=35+7x1=42>6-6.
xyePq(F) xyePﬁ3(DuT)\P1(G)

If |[F| = 7 with a composition (2,2, 1,1, 1) or (3, 1, 1, 1, 1), then we obtain at least two flexible
1-trees Ty, T;,. Indeed, for (3, 1, 1, 1, 1), every 1-tree is flexible. For (2, 2, 1, 1, 1), every non-flexible
1-tree would be 2-claimed by both diamonds. By gf;”—freeness, the number of non-flexible 1-trees
is at most 1. Consider another 1-tree T # Ty, T, (T can be flexible as well) and a diamond D 2-
claiming a pair in T. None of the pairs in P33;(D U T) lie in P;(G) due to gg”—freeness. Each pair
uv € P335(D U T) satisfies 5, 6 € Cp(uv) since F has two flexible edges Ty, Tj not in D U T. Thus we
have wr(uv) > hs(uv) = 1 and

wF)= > wexy)+ Y we(xy)>40+8x1=48>6-7.
xyeP(F) xyeP134(DUT)

Case 5. m > 6.

In this case, we have |[F| > m 4+ 1 > 7. However when |F| = 7, the unique composition
(2,1,1,1,1, 1) is impossible. Indeed, recall that each 12-claimed pair in a 4-uniform diamond can
be used for merging a 1-tree only once, as otherwise those 1-trees would already have been merged
when constructing M. On the other hand, the number of 12-claimed pairs in a 4-uniform diamond
is at most 4. So a diamond cannot be merged with five 1-trees.

Hence |F| > 9. By Lemma 4.7, we know that F € S; for some i € [4, 18] and m = i+ 1, as any
other configuration stated in Lemma 4.7 with more than 9 edges satisfies m < 6. However, in this
case, we have

IF|=2i4+1=2m-—1,

which is a contradiction to our assumption that |[F| < 2m — 1.
This finishes the proof, since we considered every possible 2-cluster F € M,. O

4.3. Putting all together

Proof of the upper bound in Theorem 1.1. By Lemma 4.1, it is enough to prove that the size of
an arbitrary ¢{-free n-vertex r-graph G is at most (;)_] (). As before, let M; (resp. M;) denote
the partition of E(G) into 1-clusters (resp. 2-clusters).

For each 2-cluster F and every pair xy € (V(ZF )), we define weight functions wg(xy) as in
Section 4.2.1 (for r > 5) or Section 4.2.2 (for r = 4). By Claims 4.10-4.13, the inequality in (14)

proves the desired upper bound. O
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