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1 | INTRODUCTION

Let n > 2 and consider n-tuples in the special unitary group SU(2). The spectral gap conjecture
of Gamburd, Jakobson, and Sarnak [4] (see also Lubotzky, Phillips, and Sarnak [6]) asserts that
almost every n-tuple (with respect to the Haar measure) generates a subgroup, whose natural
action on L?(SU(2)) has a spectral gap (see Definition 2.1).

The study of spectral gaps for tuples in SU(2) originates from the Banach-Ruziewicz problem,
which asks whether the uniform measure is the unique rotationally invariant finitely additive
probability measure defined on all Lebesgue measurable subsets of S2. Rosenblatt showed that
it suffices to find a finite subset of the rotation group whose action on L*(S?) has a spectral gap
[9, Theorem 1.4]. Then, Drinfeld [2] constructed such subsets using heavy machinery from the
theory of automorphic forms. See also Margulis [7] and Sullivan [10] for earlier results in higher
dimensions. Further, Gamburd, Jakobson, and Sarnak [4] constructed n-tuples in SU(2) with a
spectral gap based on just elementary arguments using quaternions. In their influential paper,
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Bourgain and Gamburd [1] extended this to n-tuples with algebraic entries that generate a dense
subgroup of SU(2), but the set of such tuples has zero measure.

As afirst step toward resolving this conjecture, Fisher [3] proved a zero—one law for spectral gap
for n > 3, namely, that the set of n-tuples with spectral gap has zero measure or full measure. His
proofis based on the ergodicity of the action of Out(F,,), the outer automorphism group of the free
group on n generators, on the character variety Hom(F,,, SU(2))/SU(2), which was established by
Goldman in [5]. However, when n = 2, it is known that the action is no longer ergodic, and indeed
has many ergodic components described by the trace of the commutator as shown by Pickrell and
Xia [8, Theorem 2.1.4]. Therefore, Fisher stated the corresponding partial result for n = 2 (see
Theorem 2.2).

In this paper, we point out that the zero-one law also holds for n = 2. Let SG, C SU(2)? denote
the set of pairs having spectral gap.

Theorem 1.1. The set of pairs with spectral gap SG, C SU(2)? has either zero measure or full
measure with respect to the Haar measure.

Our argument is elementary and relies on the observation that the set of non-spectral-gap pairs
is stable under certain word maps, allowing the locus to move across ergodic components. Further,
we also remark that a Baire categorical analogue of the zero—one law holds.

Theorem 1.2. The set of pairs with spectral gap SG, C SU(2)? is either meager or comeager.

2 | PRELIMINARIES

Let K denote the special unitary group SU(2). First, we recall the definition of spectral gap for
n-tuples in K. The following definition differs in form from that in [4], but the two are equivalent
(see [3] for details).

Definition 2.1. Let A denote the left regular representation of K on L?(K), and let L(Z)(K) denote
the orthogonal complement of the constant functions. An n-tuple (g, ..., g,) € K" is said to have
spectral gap if the restriction of A to T’ = (g, ..., g,,) has spectral gap, that is, there exists ¢ > 0 such
that for every element v € L(K) there exists k € {1, ..., n} such that || (g )v — v|| > € ||v]. Let SG,,
denote the set of n-tuples having spectral gap.

Itis easy to see that the set SG,, is Borel. As Fisher explains in [3], this property actually depends
only on the generated subgroup, and this is the starting point of his argument. Namely, it means
that the property is invariant under the natural action of the automorphism group Aut(F,,) on K",
and of course it is also invariant under simultaneous conjugation, and hence the image of SG,, in
the character variety Hom(F,,, K)/K is invariant under the natural action by Out(F,). Since this
action is ergodic for n > 3 [5], the zero-one law follows. Fisher also obtained a partial result for
n = 2 based on the explicit description of the ergodic components in [8]. Let us recall his result
here.

Theorem 2.2 (Fisher, Theorem 2.3 in [3]). Let g : K? — [—2,2] denote the function defined by
g(a,b) = tr([a, b]), the trace of the commutator aba~'b~". Then, for almost every t € [—2,2], the
set g~ 1(t) N SG, is null or conull with respect to the disintegrated measure on the fiber g=(¢).
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Therefore, to establish the zero—one law for n = 2, we need some additional maps that preserve
the complement of the spectral gap property and mix fibers of the function g. As we will see later,
this can be done in a surprisingly simple way. The key is the following.

Lemma 2.3. If (a, b) ¢ SG,, then (x,y) & SG, forevery x,y € {a,b).

Proof. Let £(w) denote the word length of w € (a, b) with respect to {a, b}. Since 4 is unitary,
IA(s~ v — v]| = [|A(s)v — v for s € {a, b}. The triangle inequality and induction on #(w) give

IA(w)v —v]| < £(w) max{]|A(a)v — v, |A(b)v — vll}

for every v € L?(K). Thus, any sequence of almost invariant unit vectors in L(z)(K) for (a, b) is also
almost invariant for each fixed pair (x,y) € (a, b)?. [l

3 | PROOF OF THE ZERO-ONE LAW FOR n = 2

In this section, we establish the zero-one law for SG, using Theorem 2.2 and Lemma 2.3. In fact,
it is enough to consider the map @ : (a, b) ~ (a?, b) for our purpose. First, let us observe how this
map affects the value of ¢. Recall that the function g : K?> — [—2,2] is given by the trace of the
commutator.

Lemma 3.1. For (a, b) € K?, let x and t denote tr(a) and tr([a, b)), respectively. Then, it holds that

o tr(a?) =x* -2,
o tr([a?, b]) = x2(t —2) + 2.

Proof. By the Cayley-Hamilton theorem, we have a? = xa —I and a=2 = xa~! —I. The first
formula in the lemma follows immediately. Further, by tr(a) = tr(a™!) we have

tr([a?, b]) = tr(a’ba=2b™1) = x? tr([a, b]) — x tr(a) — x tr(ba™'b™1) + tr(l) = x*(t —2) + 2
as desired. Ll
By Lemma 3.1, the map ® induces the map ¢(x, t) = (x> — 2, x2(t — 2) + 2) in the coordinates
(x,t) = (tr(a), tr([a, b])). Since the complement of SG, is stable under ® by Lemma 2.3, we study

the dynamics of ¢. First, we determine the domain of these coordinates and the corresponding
pushforward measure.

Lemma 3.2. Consider the map I1 : K> — [—2,2]? defined by I1(a, b) = (tr(a), tr([a, b])). Then, the
image is given by

I(K?) ={(x,t) € [-2,2)*: x* —2< t},

which will be denoted by D. Further, the pushforward of the Haar measure on K? is equivalent to the
Lebesgue measure on D.
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Proof. Every element of K is conjugate to diag(e'®, e7'%) for some a € [0, 7], so its trace belongs to
[—2,2]. Conjugating a and b by the same element of K, we may assume that

elr 0 u -v
a= ], b= _ ), P+l =1.
<O e““) <v u) lul lol

Put x = 2cosa and s = |v|?. A direct computation, using cos(2a) = x2/2 — 1, gives
t = tr([a, b]) = 2|u|?® + 2|v|? cos(2a) = 2 — 5(4 — x?).

Since 0 < s < 1, this implies xX2—-2<t<2. Conversely, for any (x, t) € D with |x| < 2, choose
with 2cosa = x,sets = (2 —t)/(4 — x?),and takeu = /1 —sand v = \/E This realises (x, t). If
|x] = 2, then t = 2, and we may take a = +I and b = I. Hence, II(K?) = D.

Let u denote the normalised Haar measure on K2. Since the conjugation above may be cho-
sen to depend only on a, and b is independent of a, the conditional law of the conjugated b
given a remains the Haar measure on K. Under the standard identification K ~ S C C?, the Haar
measure on K corresponds to the uniform measure on S3. In the coordinates

(u,v) = (\/1—seie,\/§ei¢), 0<s<1, 0<6,p<2m,

this measure is (4772)~! ds d6 di, so s is uniform on [0,1]. Also, since x /2 is one real coordinate of
a uniform point on S3, x has density (27r)"'v/4 — x2 on [-2,2].

Thus, for |x| <2, the conditional distribution of ¢ given a is uniform on [x% —2,2].
Consequently, IT, u gives no mass to the boundary D, and on the interior D° we have

AL ) (x, () = ———— dxdt,

2w\ 4 — x2

which completes the proof. O
Thus, ¢ maps D intoitself and ITo® = ¢oIl. The main theorem will follow from the next lemma.

Lemma3.3. Let p: D — [—2,2] denote the projection (x,t) — t. Suppose that a Borel subset E C D
satisfies the following:

* E is stable under ¢ modulo null sets, that is, E \ ¢$~'(E) is null.
* Foralmost every t € [—2,2], the fiber p~1(t) is either contained in E or in its complement modulo
null sets.

Then, E is either null or conull in D.

Proof of Theorem 1.1. Let u be the normalised Haar measure on K? and let N = K? \ SG,. By Theo-
rem 2.2, there is a Borel set I C [—2, 2] such that N = ¢~!(I) modulo g-null sets. Set E = p~1(I) C
D. Since g = poll, we have N = IT~}(E) modulo u-null sets.

The map ®(a, b) = (a?, b) is nonsingular with respect to u. Indeed, if the eigenvalues of a are
e+, a direct computation shows that the Jacobian determinant of the map a ~ a? is

8cos® a = 2tr(a)?.
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T . S

FIGURE 1 Thefiber H, = p~!(c) and its image $(H,), shown in red for ¢ = 1/4. The blue curve is
t = x? — 2. The green dashed lines ¢t = x and x = ¢ meet at (c, ¢), and the vertical line meets the blue curve at the
endpoint (¢, ¢? — 2) of ¢(H,).

Thus, it is a local diffeomorphism whenever tr(a) # 0. Since the set {a € K : tr(a) = 0} has Haar
measure zero, it follows that &, u <« u.

By Lemma 2.3, N C¢ ®1(N). Since ® is nonsingular and N = IT"!(E) modulo null sets, the
identity ITo® = ¢olI gives

1 0IlI<1po0¢ oIl u-ae.

Since IT,u is equivalent to Lebesgue measure on D by Lemma 3.2, it follows that E \ ¢~'(E) is
null. The second assumption of Lemma 3.3 holds by the definition of E. Therefore, Lemma 3.3
applies, and E is either null or conull. Since u(N) = (IT, x)(E), this proves the theorem. O

Proof of Lemma 3.3. For ¢ € [—2,2], ¢ maps the horizontal fiber H, = p~!(c) to the line segment
joining (—2,2) and (c, ¢? — 2). Its projection onto the t-axis is [¢> — 2, 2] (see Figure 1). To prove the
lemma, we use the following coordinates. Let T = R/(27Z), and equip T X [0, 1] with normalised
product Lebesgue measure v. Define

T(a,r) = Ra,r), f(a,r) = (2cosa, 2(1 —r)cos(2a) + 2r).

For x = 2 cos a, the second coordinate of f is (1 — r)(x? — 2) + 2r, so f takes values in D. A direct
calculation gives foT = ¢of. The restrictions of f to (0, 7) X (0,1) and (7, 27) X (0, 1) are diffeo-
morphisms onto D°. The union of these two domains has full measure, so f,v is equivalent to
Lebesgue measure on D.

Let F = f~(E). The first assumption and the relation foT = ¢of give F C T~!(F) modulo v-
null sets. Since T preserves v, this inclusion is an equality modulo null sets. By Fubini’s theorem
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and the ergodicity of the doubling map on the circle, for almost every r € [0, 1] the set{x : (a,r) €
F}is null or conull in T.

By the second assumption, there is a Borel set I C [—2,2] such that E = p~!(I) modulo null
sets. Hence

1p(a,r) = 1;(2(1 — r) cos(2a) + 2r)  v-a.e.

For every r € [0, 1), the pushforward of Lebesgue measure by a — 2(1 — r) cos(2a) + 2r is equiv-
alent to Lebesgue measure on (4r — 2, 2). It follows that, for almost every r € (0, 1), the set I is null
or conull in this interval. Any two such intervals overlap in a set of positive measure, so either I is
null or conull in every such interval. Since such values of r occur arbitrarily close to 0, the union
of these intervals is (—2, 2), and hence I, and therefore E, is null or conull. O

4 | BAIRE CATEGORICAL VERSION
The topological version (Theorem 1.2) also follows from Lemma 2.3.

Proof of Theorem 1.2. First, suppose that SG, contains every pair generating a dense subgroup of
K. Then, since the set of pairs generating dense subgroups is comeager in K2, it follows that SG,
is comeager.

Second, suppose that there exists (a, b) ¢ SG, generating a dense subgroup of K. We will show
that SG, is meager in this case, by writing K? \ SG, as a countable intersection of dense open sets.
By the definition of the spectral gap property, we have

K2 \SG, = m {(a,b) eKk?: Jve L(ZJ(K), ”/1(a)u — v” + ||/1(b)v _ U” < lvll }

neN n

Let (X,,),cn denote the sequence of subsets appearing on the right-hand side. Since the left regular
representation is strongly continuous, it follows that each X, is open. Further, Lemma 2.3 implies
that K2 \ SG, contains (a, b)?. Since {(a, b) is dense in K, this product is dense in K2, and hence
each X, is also dense. This completes the proof. O

Remark 4.1. For every integer n > 2, the set SG,, C K" of n-tuples with spectral gap is either meager
or comeager. Clearly, if SG, is comeager, then SG,, (n > 3) is comeager since adding generators
preserves the spectral gap. On the other hand, as pointed out by Andras Mathé¢, if SG, is meager
then SG,, is meager for every n > 3. Indeed, by the proof of Theorem 1.2, there exists a pair (a, b) ¢
SG, generating a dense subgroup I' C SU(2). For any n > 2, the product I'" is dense in SU(2)" and
every n-tuple in I'" generates a subgroup lacking a spectral gap. Since SU(2)" \ SG,, is also a G
set, it is comeager, which implies that SG,, is meager for all n > 2.
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