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ASYMPTOTIC SIZE RAMSEY RESULTS FOR BIPARTITE GRAPHS*
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Abstract. We show that limy oo #(Fi,n, ..., Fgqn, Fg+1, ..., Fr)/n exists, where the bipartite
graphs Fyi1,...,Fr do not depend on n while, for 1 <+ < g, F; ,, is obtained from some bipartite
graph F; with parts Vi U Vo = V(F;) by duplicating each vertex v € V2 (cy + 0(1))n times for some
real ¢, > 0.

In fact, the limit is the minimum of a certain mixed integer program. Using the Farkas lemma
we show how to compute it when each forbidden graph is a complete bipartite graph, in particular
answering the question of Erdds, Faudree, Rousseau, and Schelp [Period. Math. Hungar., 9 (1978),
pp. 145-161], who asked for the asymptotics of #(Ks n, Ks,n) for fixed s and large n. Also, we prove
(for all sufficiently large n) the conjecture of Faudree, Rousseau, and Sheehan in [Graph Theory and
Combinatorics, B. Bollobas, ed., Cambridge University Press, Cambridge, UK, 1984, pp. 273-281]
that f‘(szn,Kz,n) = 18n — 15.
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1. Introduction. Let (Fi,..., F.) be an r-tuple of graphs which are called for-
bidden. We say that a graph G arrows (F1,..., F,) if for any r-coloring of F(G), the
edge set of G, there is a copy of F; of color 4 for some ¢ € [r] := {1,...,7}. We denote
this arrowing property by G — (F,..., F.).

The (ordinary) Ramsey number asks for the minimum order of such G. Here,
however, we deal exclusively with the size Ramsey number

#Fy, ..., F,) =min{e(G): G — (Fi,...,F.)}

which is the smallest number of edges that an arrowing graph can have.

Size Ramsey numbers seem hard to compute, even for simple forbidden graphs.
For example, the old conjecture of Erdés [6] that 7(K7 ,,, K3) = 3n(n+1)/2 has only
recently been disproved in [16], where it is shown that #(K7 ,, F) = (14 o(1))n? for
any fixed 3-chromatic graph F. (Here, K,,, is the complete bipartite graph with
parts of sizes m and n; K, is the complete graph of order n.)

This research has been initiated as an attempt to find the asymptotics of 7#( K1, F)
for a fixed graph F. The case x(F) > 4 is treated in [14] (and [16] deals with
X(F) = 3). What can be said if F' is a bipartite graph?

Faudree, Rousseau, and Sheehan [10] proved that

f(Kl,na Kg’m) = 47’L —+ 2m — 4

for every m > 9 if n is sufficiently large (depending on m) and stated that their method
shows that 7(Ky p, K22) = 4n, n > 3. They also observed that K o, arrows the pair
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(K1,n,Cas) for n > s, where Cyg is the cycle of order 2s; hence #(Kj ,,Cas) < 2sn
then.

Let P, be the path with s vertices. Lortz and Mengersen [13] showed that
Kion-1 — (K1, Pay1) and K + Kop_p1 — (K1,n, Por) and conjectured that
this is sharp for any s > 4 provided n is sufficiently large; that is,

R | 2kn—k if s =2k +1,
The conjecture was proved for 4 < s < 7 in [13].
Size Ramsey numbers 7(F7, F5) for bipartite graphs F; and Fy are also studied
in [8,5,2,3,7,9, 12, 11], for example.

It is not hard to see that, for fixed s1,...,s, € N and t1,...,t. € Ryg, we have
(12) ,'2(K517U1"74J""7K5r,LtrnJ) :O(’}’L)
This follows, for example, by assuming that s; = -+ = s, = s, t1 = =t, =t

and considering Ko, v,, where vy = (s — 1)r + 1 and vo = [rtn("!)]. The latter
graph has the required arrowing property. Indeed, for any r-coloring, each vertex
of V5 is incident to at least s edges of the same color; hence there are at least vs
monochromatic K j-subgraphs and some S € (‘:1) appears in at least vy/ (”sl) > rin
such subgraphs of which at least ¢n have the same color.

Here we will show that the limit lim,, oo #(Fip, ..., Frn)/n exists if each forbid-
den graph is either a fixed bipartite graph or a subgraph of K |, which “dilates”
uniformly with n. (The precise definition will be given in section 2.) In particular,
7(K1 pn, F)/n tends to a limit for any fixed bipartite graph F.

The limit value can in fact be obtained as the minimum of a certain mixed integer
program (which does depend on n). We have been able to solve the MIP when
each Fj, is a complete bipartite graph. In particular, we answer the question of
Erdds et al. [8, Problem BJ, who asked for the asymptotics of #(Ks p, Ks.n). Working
harder on the case s = 2 we prove (for all sufficiently large n, n > ng) the conjecture
of Faudree, Rousseau, and Sheehan [10, Conjecture 15] that

(1.3) #(Kopn, Kop) = 18n — 15,

where the upper bound is obtained by considering K3 g¢,-5 — (K2, Ka,). The
identity (1.3) is not true for all n: for example, it is stated in [10] that 7(K2 2, K2 2) =
15. The upper bound follows from K — (K32, K2 2), which is easy to verify. Our
method could produce a concrete value for ng with extra tedious calculations, but
this would probably be rather large.

Unfortunately, our MIP is not well suited for practical calculations, and we were
not able to compute the asymptotics for any other nontrivial forbidden graphs; in
particular, we had no progress on (1.1). However, we hope that the introduced method
will produce more results: although the MIP is hard to solve, it may be possible that,
for example, some manageable relaxation of it gives good lower or upper bounds.

Our method does not work if we allow both vertex classes of forbidden graphs to
grow with n. In these settings, in fact, we do not know the asymptotics even in the
simplest cases. For example, the best known bounds on r = #(K, », K, ) seem to
be r < 3n%2" for n > 6 (Erdés et al. [8]) and r > g5n?2" for n > ng (Erdds and
Rousseau [9]).
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2. Main ideas and definitions. Let us briefly describe the main ideas behind
our approach and how they came into existence. As an illustration, suppose we want
to prove that #(K2 p, K2.,) > (18 4 0o(1))n. Let n be large, and let G — (K2 p, Ka.)
be any graph with e(G) < (18 +0(1))n. We try to get as much information about the
structure of G as possible.

Let L = {z € V(G) : d(x) > n}. Clearly, |L| < 18. As no edge disjoint from L
lies inside a K3 ,-subgraph of G, we can harmlessly remove all such edges from G;
that is, we can assume that V(G) \ L is an independent set in G.

Also, if we remove all edges within L, the arrowing property is only slightly
impaired: the obtained graph G’ arrows (Ks ,/, K2 /), where we can take n’ = n—16
(or even larger). So, replacing G by G’ and n by n/, we can assume that G C Kigm
for some m = m(n).

Also, we can assume that every vertex of L has degree at least 2n — 1. (This is
not crucial here, but this illustrates Lemma 3.1.) Indeed, if we remove any « € L
of degree at most 2n — 2, then the obtained graph G’ arrows (Ka,,—1, Ko ,—1): any
(K2,n—1, K2 ,—1)-free coloring of G’ extends to a (Ka,, Ko ,)-free coloring of G by
coloring the remaining edges without a monochromatic K, , centered at x.

Thus, we can assume that G C Ky ,,. How can we economically describe such a
graph? This brings us to new definitions.

Let F' be a bipartite graph. We assume that bipartite graphs come equipped
with a fixed bipartition V(F') = Vi (F) U V,2(F), although graph embeddings need not
preserve it. We denote v;(F) = |V;(F)|, i = 1,2; thus v(F) = v1(F) + v2(F). Define

FA={veVo(F):Tr(v) = A}, AcCVi(F),

where I'p(v) denotes the neighborhood of v in F'. (We will write I'(v), etc. when the
encompassing graph F is clear from the context.) Clearly, in order to determine F'
(up to an isomorphism) it is enough to know V;(F) and |F4| for all A € 2V2(F),

Now, instead of dealing with G — (K2, K2 ,) we prefer to work with the num-
bers |GA|. As e(G) = O(n), we can let n — oo over some sequence so that |G4|/n
tends to a limit g4 for each A € 2. The how we call it “weight” g = (g4)acor cannot
be arbitrary: the fact that G — (Ky,, K> ) imposes some restrictions on g. The
question arises whether we can rephrase the arrowing property for weights without
appealing to the original graphs. This requires rewriting the notions of a subgraph,
coloring, etc. For the sake of generality, one would also wish to allow constant (i.e.,
not depending on n) forbidden subgraphs, which prompts one to define the mixed
relation “F' C g” as well, where F' is a graph and g is a weight. This is the first part
of the program, which culminates in Theorem 3.3, where it is shown that the “weight
size Ramsey number” indeed gives the asymptotics of the ordinary number. However,
the second part, to calculate the weight size Ramsey number, is not an easy task and
we are able to carry it out for complete bipartite graphs only.

Let us give formal definitions. A weight f on a set V(f) is a sequence (fa) 4cav e
of nonnegative reals. A bipartite graph F agrees with f if V;(F) = V(f) and F4 = ()
if and only if f4 = 0, A € 2V, A sequence of bipartite graphs (F,,)nen is a dilatation
of f (or dilates f) if each F,, agrees with f and

|FA| = fan+o(n) VA e2V®,

(Of course, the latter condition is automatically true for all A € 2¥® with f4 = 0.)
Clearly, e(F,) = (e(f) +o(1))n, where e(f) = >~ 4 covee) fa |Al, so we call e(f) the size
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of f. Also, the order of f is v(f) = |V (f)| and the degree of x € V(f) is

diz)= > fa.

Ag2V()
A>Sx

Clearly, e(f) = >_, cv (¢ d(2).

For example, given t € R+, the sequence (Ks,(tnl)neN is the dilatation of k4,
where the symbol k,; will be reserved for the weight on [s] which has value ¢ on [s]
and zero otherwise. (We assume that V3 (K ,,,) = [s].) It is not hard to see that any
sequence of bipartite graphs described in the abstract is in fact a dilatation of some
weight.

We write F' C f if for some bipartition V(F) = V1 (F)UV2(F) there is an injection
h: Vi(F) — V(f) such that for any A C V;(F') dominated by a vertex of Vo(F') there
is B C V(f) with B D h(A) and fp > 0. This notation is motivated by the following
easy lemma. In fact, we will implicitly prove a sharper version during the proof of
Theorem 3.3, so we give no proof here.

LEMMA 2.1. Let (Fy)nen be a dilatation of f£. If FF C f, then F is a subgraph
of Fy for all sufficiently large n. Otherwise, which is denoted by F ¢ £, no F,
contains F'. ]

Next, we define the “C”-relation between two weights f and g. Assume that v(f) <
v(g) by adding new vertices to V(g) and letting g be zero on all new sets. We write
f C g if there is an injection h : V(f) — V(g) and numbers (wap > 0) gcove) peavie
such that

vAe2V® vBe2V®)  nA)¢ B= wsp =0,
VA e 2V® Z wap > fa,

Be2V(®)
BOh(A)

vBe2"® N wap <gs.

Ag2V(F)

h(A)CB
This definition is a bit difficult to comprehend. In a sense, it corresponds to a graph
embedding F' C G preserving the V; U Va-partition: h embeds Vi (F) into V1(G) and
wa,p says how much of F4 C Va(F) is mapped into GB. The motivation comes from
the following lemma which, like Lemma 2.1, is not used later and so is stated without
a proof.

LEMMA 2.2. Let (Fp)nen and (Gp)nen be dilatations of £ and g, respectively.
Then £ C g implies that for any € > 0 there is ng such that F,, C G, for any n > ng
and m > (14 €)n. Otherwise, which is denoted by f ¢ g, there is € > 0 and ng such
that F, & Gy, for any n > ng and m < (1 + €)n. 0

The weight C-relation enjoys many properties of the graph one. For example,
d(z) < d(h(z)) for any x € V(f):

dr)= Y fa< Y > wan< Y. > wan< Y. gp=dhx))

Ae2V(F) Ae2V(E) peaVi(e) Be2V(8) ae2V(F) Be2V(8)
Asz Asx  Boh(A) Boh(z) h(A)CB B>h(x)

(2.1)
An r-coloring c of g is a sequence (c4, .. .4,.) of nonnegative reals indexed by
r-tuples of pairwise disjoint subsets of V(g) such that

(2.2) > caya, >ga VAe2VE),
A1U---UA.=A
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The ith color subweight c; is defined by V(c;) = V(g) and

(2.3) CiA = Z CAy,..., A Ae 2V(g)'

The analogy is as follows: to define an r-coloring of G, it is enough to define, for
all disjoint Ay, ..., A, C Vi(G), how many vertices of GA1Y"Y4r are connected, for
all i € [r], by color i precisely to A;. We put the strict inequality in (2.2) so that
Lemma 3.2 is true.

3. Existence of limit. Let r > ¢ > 1. Consider a sequence F = (Fy,...,F,),
where F; = f; is a weight for 7 € [¢] and F; = F; is a bipartite graph for i € [¢ + 1,7].
Assume that F; does not have an isolated vertex (that is, z € V(F;) with d(z) = 0),
i € [r]. We say that a weight g arrows F (denoted by g — F) if for any r-coloring ¢
of g we have F; C ¢; for some i € [r]. Define

(3.1) 7#(F) = inf{e(g) : g — F}.

The definition (3.1) imitates that of the size Ramsey number, and we will show
that these are very closely related indeed. However, we need a few more preliminaries.

Observe that #(F) < oo by considering k,; which arrows F if, for example,
a=1+4+>"_,(v(F;) —1) and b is sufficiently large; cf. (1.2). Let [ be an integer
greater than 7#(F)/do, where dy = >_7_; d; and

d; = min{dg, (z) :x € V(£)} >0, i€lq]

LEMMA 3.1. Let g — F have no isolated vertices. If dg(x) < do for some
z € V(g) orifv(g) > 1, then there is g’ — F with e(g’) < e(g) and v(g') < v(g).

It follows that #(F) = 7 (F), where #/(F) = min{e(g) : g — F, v(g) < (}.

Proof. Let d(x) < dy. Choose 6 > 0 with § + d;d(z)/dy < d; for any i € [q].
Define the weight g’ on V(g) \ {} by ¢4 = g4 + gau(my, A € 2VE). Clearly,
e(g’) = e(g) — d(z) < e(g).

We claim that g’ arrows F. Suppose that this is not true, and let ¢’ be an F-free
r-coloring of g’. We can assume that

Yo i, Sgu+58/28) forany A €2V,

AU UA=A
Define ¢ by
Aav{zydi .
do e A AN (2} A A € Ai 1 E (],
CAy,..,A, =4 O, r€Agr1U---UA,,
(1 - )‘A) : C;ll,.“,Ar? €T ¢ Av

where we denote A = A; U---U A, Aa = gauizy/9y if g4 > 0, and Ay = 1/2 if
g’y = 0. The reader can check that c is an r-coloring of g.

By the assumption on g, we have F; C c; for some i € [r]. However, this
embedding cannot use  because for ¢ € [¢ + 1,7] we have de, (x) = 0 while for ¢ € [¢]

d o _ Aad; /
Cl<x) = § CAy, A1, AU {2} A, A = E E : CA,,... A,

A1, ArCV (g)) Ae2Vv(g’) do AjU--UA=A
/\Adi ’ ’ dlé dz' d(ﬂ?)
< > == §/2vE)y < o4 < d4di—2 < d;
S do (ga+6/ ) < do +d Z Jaufzy < 0+ do <

Ae2Vv(g) 0 Ae2Vv (&)
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is too small; see (2.1). However, ¢; 4 < ¢ 4 for A € 2V(&"): hence, F; C ¢}, which is
the desired contradiction proving the first claim.

Let v(g) > I. If e(g) > #(F) + do, replace g by any other arrowing weight with
e(g) < 7(F) 4+ do. As e(g)/(l +1) < do, we can eventually ensure that v(g) <[ by
iterating the procedure which proved the first claim. 1]

Hence, to compute #(F) it is enough to consider F-arrowing weights on L = [I]
only.

LEMMA 3.2. There exists g — F with V(g) C L and e(g) = #(F). (We call such
a weight extremal.)

Proof. Choose g,, — F with V(g,,) C L, n € N, such that e(g,) approaches #(F).
By choosing a subsequence, assume that V(g,) is constant and g4 = limy,_,o0 gn,4
exists for each A € 2L, Clearly, e(g) = #(F) so it remains to show that g — F.

Let ¢ be an r-coloring of g. Let 6 be the smallest slack in inequalities (2.2).
Choose sufficiently large n so that |g, 4 — ga| < 6 for all A € 2. We have

L
Z CAy, Ay = gA+ 0> gna, A€27;
A1U-UA, =A

that is, ¢ is a coloring of g,, as well. Hence, F; C c¢; for some i, as required. 0
Now we are ready to prove our general theorem. The proof essentially takes care of
itself. We just exploit the parallels between weights and graphs, which, unfortunately,
requires messing around with various constants.
THEOREM 3.3. Let (F;n)nen be a dilatation of f;, i € [q], and let F; be a fized
bipartite graph, i € [q + 1,7r]. Then, for all sufficiently large n,

(3.2) F(F)n—MQA+ fo) <F(Fim,--- s Fyns Fyg1,- -, Fr) <F(F)n+ M1+ fo),

where fo = max{||F/}| — fian| : i € [¢], A € V(£)} and M = M(F) is some
constant.

In particular, the limit lim, oo #(F1n, .-, Fyn, Fyt1,- .., Fr)/n exists.

Proof. Let vy = max{v(F;) : i € [r]}, m1 = 2°(fo + 1), and ma = r'm; + 1,
where, as before, | > 7(F)/dy.

We prove that

(3.3) F(Fims ooy Fyny Fyity oo B <)+ 2 (ma + 1), n > 1.

By Lemma 3.2 choose an extremal weight g on L. Define a bipartite graph G
as follows. Choose disjoint from each other (and from L) sets G4 with |G4| =
[gan + mo], A € 2F. Let V(G) = L U (UpgeorGA). In G we connect € L to
everything in G4 if € A. These are all the edges. Clearly,

e(G)= > |GAA < 2U(ma+ 1)+ Y gan|A] < 2'U(my + 1) + #(F)n,
Ae2b Ae2b
as required. Hence, it is enough to show that G has the arrowing property.

Consider any r-coloring ¢ : E(G) — [r]. For every r-tuple of disjoint sets
Bi,...,B, CL,let

Cg,..B.={y€ GB .vie [r] Ve € B; c({z,y}) =i},

c _J (Cs, | =mi)/n if|Cp B
Bi,...,B, 0 otherwise,

Zmla

r
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where B = B U---UB,. In any case, ncg,,...5, > |Cp, ... B,.| —ma; hence, for every
B € 2% we have

B l B .
no > emes 2Pl Y (Cp ] = —r'mi +GP| > ngs;
B,U---UB,.=B ByU---UB,.=B

that is, ¢ is an r-coloring of g. Hence, F; C c; for some i € [r]. Now we show that G
contains a forbidden subgraph in the ith color.

Suppose that i € [g]. By definition, we find appropriate h : V(f;) — L and w.
We aim at proving that F;, C G;, where GG; C G is the color-i subgraph. Partition
F{,An = Upona)Wa,p so that Wy p =0 if wa,p =0 and [Wa | < |wa,sn+ fo+1],
A e 2V B ¢ 2L This is possible for any A: if wap = 0 for all B € 2% with
h(A) C B, then f; 4 = 0 and Ff, = 0; if wa,p > 0 for at least one B, then

Z (wA,Bn+fO)Zf0+n Z wAvBZfO—’_fi,AnZ‘FZ"AnL

Be2l Beal
wp >0 wp p>0

Let B € 2L, 1If ¢, = 0, then wap = 0 and Wap = 0 for all A € oV (E:),
Otherwise,

= |GiB|_m17

neig=n Y  cp..B <-m+ Y |Cp B,

and we have

Z (Wa,Bl < Z (wa,Bn + fo+1) <cipn+2°(fo+1) < |GP.

ac2V (Fin) ac2V Fin)
h(A)CB h(A)CB

Hence, we can extend h : Vi(F;,,) — L C V(G,;) to the whole of V(F; ,,) by mapping
Un(a)cBWa,p injectively into GF, which proves that F;,, C G;.

Suppose that i € [g+1,7]. The relation F; C ¢; means that there exist appropriate
Vi(F,) UVa(F;) = V(F;) and h : Vi(F;) — L. We view h as a partial embedding of F;
into G; and extend h to the whole of V' (F}).

Take consecutively y € Vo(F;). There is B; C L such that ¢; g, > 0 and h(I'(y)) C
B;. The inequality ¢; p, > 0 implies that there are disjoint B;’s, j € [r] \ {i}, such
that cp,,... B, > 0. Each vertex in Cp,,. . p, is connected by color ¢ to the whole of
B; D h(I'(y)). The inequality cp,, .. B, > 0 means that |Cp,, . B.| > mi > v(F;), so
we can always extend h to y; that is, we find an Fj-subgraph of color i.

Thus the constructed graph G has the desired arrowing property, which proves
the upper bound.

Let d' = min;epg mingey (¢, dr, () > 0, I’ = 5ldo/d’', m3 = max(r!, 2 (fo +1)).
As the lower bound, we show that, for all sufficiently large n,

(3.4) F(Frmy s Fymy Fyy1s . B > #(F)n— 21 'ms.

Choose any asymptotically minimum graph G with the arrowing property. Let
L C V(G) be the set of vertices of degree at least d'n/2 in G. From d'n|L|/4 <
e(G) < (14 o(1))ldon, it follows that |L| <!’ (assuming that n is sufficiently large).
For A € 2L, define g4 = (|G?| +m3)/n, where G4 = {x € V(G)\ L : T'(x)N L = A}.
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Claim 1. g — F.

Suppose, on the contrary, that there is an F-free r-coloring c of g. We are going
to exhibit a contradictory r-coloring of E(G).

For each B € 2¥ choose any disjoint sets Chg,..B. C GB (indexed by r-tuples of
disjoint sets partitioning B) such that they partition GZ and

(3.5) |Ch,...B.| < len,...B, 1.

This is possible because

Yo lesnon) Zgen—r" > |G"|.
B,U---UB,=B

For j € [r], x € B;, and y € Cp, .. B,, color the edge {z,y} € E(G) with color j. All
the remaining edges of G (namely, those lying inside L or inside V' (G)\ L) are colored
with color 1.

There is ¢ € [r] such that G; C G, the color-i subgraph, contains a forbidden
subgraph.

Suppose that ¢ € [g]. Let h: F; ,, — G; be an embedding. If n is large, then

d(z) >d'n+o(n) >dn/2, ze€Vi(F,),

which implies that h(V;(F;,,)) C L. Define, for A € 2V) and B € 2F with B D h(A)
and fi,A 7é Oa

[N (GP) N L+ fo+ T

WA, B = "

All other wa p’s are set to zero. For A € 2V(®) with f; 4 # 0, we have

FANh Y V(@)\L)|+ fo+1 _ |FA|+ fo

Z wap > | i,n - > | z,nn > fi,A-

Bea2l
BDh(A)

For B € 2L we have

9v0 % Y GBYNFA| 2w I |GP
ZU/A,BS (fo+)+z |h™(G7) nl o (f0+)+\n|

n n n
Ae2V(£;) Ae2V (£
h(A)CB h(A)CB

< 9B;

that is, h (when restricted to V(f;)) and w demonstrate that f; C c;, which is a
contradiction.

Suppose that i € [¢+1,7]. Let V1(F;) consist of those vertices which are mapped
by h: F; — G; into L, and let V5 (F;) = V(F;)\V1(F;). This is a legitimate bipartition
of F; because any color-i edge of G connects L to V(G) \ L. Let y € Va(F;). The
,,,,, B, partition V(G)\ L; let y € Cp, ... .. By (3.5) we have cp, .. p. > 0.
However, h(I'(y)) C B;, which shows that F; C g;. This contradiction proves Claim 1.

Hence, g — F and we have

.....

2 ms 1 " 2 'ms + e(G)

o < - s S il

AEF)< Y galAl< - +nZ|G||A|S - :
Ae2l Ae2l

which implies the desired inequality (3.4). d
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A moment’s thought on Claim 1 reveals the following “characterization” of ex-
tremal graphs.
THEOREM 3.4. Let F and the F'’s be as in Theorem 3.3, and let

Gn_7(Fl,nv"‘7Fq,nqu+17"’7F’l“)a ’I’LEN7

be any sequence of asymptotically minimum graphs. Then there is an extremal weight
g — F and an increasing sequence (n;);en such that, up to removing o(n;) edges and
relabelling vertices, Gy, can be made into a bipartite graph with V1(G,,) =V (g) and
lim; oo |GA |/n; = ga for each A € 2V(®),

In particular, if g — F is the unique extremal weight, then we can take n; =
i. |

4. Complete bipartite graphs. Here we will compute asymptotically the size
Ramsey number if each forbidden graph is a complete bipartite graph.

THEOREM 4.1. Let r > 2 and ¢ > 1. Suppose that we are given ti,...,t; € Ry
and $1,. .., Spytgr1,. .- tr € N with t; > s; fori € [+ 1,7]. Then there exist s € N
and t € Ry such that ks — F and #(F) = e(ks ) = st, where

F = (Ko tyse o Koy t,0 K. LK 1)

?Sq Sq+1,tq+17 "

Proof. Let us first describe an algorithm finding extremal s and ¢. Some by-
product information gathered by our algorithm will be used in the proof of the ex-
tremality of k,; — F.

Choose I € N bigger than #(F)/to, where to = Y ¢_, t;, which is the same defini-
tion as that before Lemma 3.1.

We claim that [ > o, where ¢ = Y_._,(s; — 1). Indeed, take any extremal g — F
without isolated vertices. Lemma 3.1 implies that d(z) > ¢y for any = € V(g). Also,
it is easy to see that v(g) > o. Hence, | > #(F)/to > v(g) > o, as claimed.

For each integer s € [o+1,1] let ¢, > 0 be the infimum of ¢t € R such that k;; — F.
Also, let TI; be the set of all sequences a = (aq,...,a,) of nonnegative integers with
a;=s;—1fori € [g+1,r] and Y ;_,a; = s. For a sequence a = (ay,...,a,) and
a set A of size >.._, a;, let (2) consist of all sequences A = (Ay,...,A4,) of sets
partitioning A with |A;] = a;, i € [r].

We claim that ¢/, is sol(Ls), the extremal value of the following linear program L:
“Find sol(Ls) = max )y ua over all sequences (ua)acr, of nonnegative reals such
that

(4.1) 3 ua (Z) <t (;) Vi € [q].”

acll,

Claim 1. The weight ks ; does not arrow F for ¢ < sol(Ly).
To prove this, let

t + sol(Ls) 1-Xx )
= LT =2 . .
250l(L.) <1 and € 5T min{t; 11 € [g]} >0

Let V(ks,:) = [s]. Define an r-coloring ¢ of ks ; by

A
(42) ca= bl g e, A e <[S]>7
(|A1| ..... \AT|) a
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cpp,...0 =€ B C [s], while all other ¢’s are zero. It is indeed a coloring of k; ;:

Z Z cA = Z/\ua:/\sol(Ls)>t.

aclly Ae([;]) aclly
We have ks, 1, ¢ ¢; for i € [g]: for example, for i =1 and any S € ([;1])7 we have
S Au )y
> D ea= ) (al_slml"ar) DY <812 S <A <ti= ) epo
acll, AE([S]) aclly (a17~--7a7‘) acll, (51) BC[s]
Al;s ay>sy BDS

Also, Ky, 1, ¢ c; for i € [g+ 1,7] because cy, ... 4, = 0 whenever |4;| > s; for
some i € [¢+ 1,7]. Claim 1 is proved.

Claim 2. ks, — F for any ¢t > sol(L,).

Suppose that the claim is not true and we can find an F-free r-coloring c of
k; ;. By definition, cg4, .. 4, = 0 whenever |A;] > s; for some i € [¢ + 1,7]. If some
Cay,..,A, =c > 0 with [4;| <s;—2 for some i € [¢+1,7], then A; # 0 for some j € [q],
so we can pick x € A; and set ca,, . a, = 0 while increasing ¢ 4,\{«},...,4,U{z},... DY €
Clearly, ¢ remains F-free. Thus, we can assume that all the ¢’s are zero except those
of the form cp, A € ([Z]) for some a € II;. Now, tracing back our proof of Claim 1,
we obtain a feasible solution u, = ZAE([;-]) ca, a € Il to Lg with a larger objective

function, which is a contradiction. The claim is proved.

Thus, t, = sol(Ls) and m,, = min{st}, : s € [c + 1,{]} is an upper bound on #(F).
Let us show that in fact #(F) = m,,.

We rewrite the definition of #(F) so that we can apply the Farkas lemma. The
verification of the following easy claim is left to the reader.

Claim 3. #(F) = infe(g) over all weights g on L = [I] such that there do not
exist nonnegative reals (CA)AE(2)736H\A\7 Acor With the following properties:

Z Z CAZgAa A€2L7

acllia) Ae(2)

L
S X % et icld s ()
A2t a€lljz) ae(4) Si
A;DS

Let g be any feasible solution to the above problem. By the Farkas lemma there
exist 4 >0, A€2r andy; 5 >0,i€[q], S € (SL), such that

q
A
(4.3) SN wis>za, Ac2t acly, Ac <a>
=tse(l)

q

(4.4) Zti Z Yi,s < Z JAZA.

=1 se(h) Aeat

We deduce that x4 < 0 (and hence x4 = 0) if |A| < o by considering (4.3) for
some A with |A4;] <s; — 1 for each i € [r].
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For each A with a := |A| > o repeat the following. Let (ua)acrm, be an extremal
solution to L,. For each a € I1,, take the average of (4.3) over all A € (':), multiply
it by ua, and add all these inequalities together to obtain the following:

xAt’ ZUaIA < Z (al). ) Z Z Z Yi,s

acll, acll, Ae(4) i=1se(4)

q

Z Z y s Z (a1 ..... a;— 157_ 957/7, a1+1,...,aq)
T,
(a1, )

=1 SE(A_) a€>1'Ia‘ a1,...5Qr
S D INTD PR ST S
- z, (a) — ? )
=1 g¢ ;4 :€>H: S =1 SG(:)

7, 1=5q

(In the last inequality we used (4.1).)
Substituting the obtained inequalities on the z4’s into (4.4) we obtain

i-ZszZ“Zt Zyzs

=1 se(L) ﬁf\i fa = se(2)

As the y; g’s are nonnegative, one of these variables has a larger coefficient on the
right-hand side. Let it be y; 5. We have

(4.5) i <t

A€(>Lg) IAI “ Aear
ADS

The last inequality follows, by comparing coefficients at each g4, from the fact that
for any integer a > o we have 1/t < a/m,, by the definition of m,,. Hence, e(g) =
> acar @alA| > my, as required. |

COROLLARY 4.2. Letr >qg>1,t;,...,t; € Ryo and s1,...,5,,tq41,...,tr €N
with t; > s; fori € [¢+ 1,r]. Fori € [q], let (tin)nen be an integer sequence with
tin =tin+o(n). Define
K

Fn:(Ksl’tl,nV"’K Ksratr)'

Sqstqm> q+1stg+10 000

Let 1 € N be larger than lim,, . #(F,)/(ton), where to =Y ;_, t;. Then

>

(4.6) lim 7(Fn) = lim min{e(Kop) i 5 <1 Kap — F"}

n— 00 n n— o0 n

0

In other words, in order to compute the limit in Corollary 4.2, it is sufficient
to consider only complete bipartite graphs arrowing F,,. It seems that there is no
simple general formula, but the proof of Theorem 4.1 gives an algorithm for com-
puting 7#(F). The author has realized the algorithm as a C program which calls the
1p_solve 3.2 library. (The latter is a freely available linear programming software,
currently maintained by Berkelaar [4]). Later, Avis rewrote the program to be linked
with his 1rslib 4.1 library [1]. The latter library has the advantage that its arith-
metic is exact (while 1p_solve operates with reals), so that any computed limit can
be considered as proved. The reader is welcome to experiment with the program;
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TABLE 4.1
Values of limp—oo #(Ks,n, K¢,n)/n obtained with the 1rslib library of Awvis.

1

2 18

3 || 12| 40 98

4 |20| 75 | 1825 363

5 || 30 | 11872 | 31043 | 63897 1156

6 || 42 | 1722 | 4695 | 102328 | 195243 | 33501

7 || 56 | 241 | 678-L | 153838 | 30305 | 54563% | 912022

8 || 72| 3202 | 9382 | 2211272 | 451737 | 8426175 | 14523 295 | 237810
(o[ 1] 2 [ 3 | 4 5 6 7 I

its source can be found in [15]. Here, in Table 4.1, we present the asymptotics of
F(Ksn, Kt ) for 1 < s <t < 8. Unfortunately, the number of iterations (which is
approximately %lim 7(Ksn, Ki.n)/n) increases rapidly with s and ¢.

For certain series of parameters we can get a more explicit expression. First, let
us treat the case ¢ = 1, that is, when only the first forbidden graph dilates with n.
We can assume that t; = 1 by scaling n.

THEOREM 4.3. Let g =1 and r > 2. Then for any s1,...,8r, ta,...,t, € N with
t; > 8, 1 € [2,7], we have

F(Ksyny, Ksg gy s Kspr) =m0 min{s & is € N>g} + 0O(1),

(S - 5/)51

where ' =0 —s1+1,0=>_,(si—1), and (s)y =s(s—1)...(s —k+1).

Proof. The problem L has only one variable us_gr s,—1.... s.—1. Trivially, ¢, =
(;1)/(5;151) = (8)s, /(s —¢')s,, and the theorem follows. 0

In the case s; = 1 we obtain the following formula.

COROLLARY 4.4. For any Sa,...,8p,ta,...,t, € N with t; > s;, i € [2,7], we

have

ks
F(K 1y Koty ooy Kop,) =4 (1 -y 51> n+0(1).
i=2

si—z,, where s = Y0, (s —
1). The differentiation %(Si,) = ‘f_%,‘;? shows that the minimum is attained for
s =2s. ]

Another case with a simple formula for #(F) is ¢ = 2, s1 = s9, and t; = to. Again,
without loss of generality we can assume that t; = t5 = 1.

THEOREM 4.5. Let ¢ = 2 and r > 2. Then for any s,83,...,87,t3,...,t, € N
with t; > s;, 1 € [3,7], we have

Proof. By Theorem 4.3, we have to compute mings ¢

4.7 (Ko Koy Kogtgs- -3 Ko t,) =n-min{a- f(a): a € N5, } + O(1),
where 0 =2s —r+ Y ;_,s; and

2(3)

(Lu’/%) + (W/ﬂ)’

fla) =
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witha' =a—Y,_5(s; — 1).

Proof. Let a € N5, and let (ua)acr, be an extremal solution to L, (where we
obviously define s; = so = s and t; = to = 1). Excluding the constant indices in us,,
we assume that the index set II, consists of pairs of integers (a1, az) with a1 +as = o’.

Clearly, (u},, 4,)(ar,a)er, 18 also an extremal solution, where u, ,, = 3(ta; a5 +
Ugy .y )- Thus we can assume that g, 4, = Ug,.q, for all (aq,as) € I1,.

If wq,,a, = ¢ > 0 for some a; < |a'/2], then we can set ug, 4y = Ugy,q; = 0 while
increasing | qr/2),[a/2] a0d Urar/2],a/2) Dy ¢. The easy inequality

CH+CT) 0= =) - () <00 s—1sb< a2,
implies inductively that the left-hand side of (4.1) strictly decreases while the objective
function ZaGHa us does not change, which clearly contradicts the minimality of u.

Now we deduce that, for any extremal solution (ua)aer,, we have ug, 4, = 0
unless {a1,az} = {|a’/2], [a’/2]}; moreover, it follows that necessarily u|q/ /2] [ar /2] =
Urar /21,0’ /2)- Hence, t, = f(a), which proves the theorem. d

The special case 7 = 2 of Theorem 4.5 answers the question of Erdés et al. [8,
Problem B], who asked for the value of

= lim TA(Ks,ans,n).
n—oo n
The formula (4.7), which now reads r, = ming>2—1 af(a) with f(a) = 2(%)/((1*/*)+
(raé 2W)), can be further simplified in this case as follows.

THEOREM 4.6. For s > 4 we have rs = asf(as), where as = 2|s(s +3)/4] — 3.

Proof. For any b > s we have f(2b) = f(2b — 1); hence, the minimum of af(a) is
attained for an odd a:

rs = min (2b—1)f(2b—1) = 2min (2 - 1)(2:_ 1) ((b; 1) + (i))_l

We have (bzl) + (z) = % and, as it is routine to check,

(2b+ 1)f(2b+ 1) — (2b— 1) £(2b — 1) = cps(b),

2(26—1)1(b—s)!

where ¢ = =TTz and

ps(D) = 2(20+1)?(b—s+1)—(20—1)(20—5+41)(2b—5+2) = 8b* —2bs® —6bs+12b+52—5s+4.

The quadratic in b polymomial ps has two roots: one is less than 1 (because
ps(1) < 0) and the other is bigger than s (because ps(s) < 0). Thus, the function
(20— 1)f(2b—1), b > s, first decreases and then increases; its minimum is attained
for bs, the smallest integer b > s with ps(b) > 0. The value of bs can be computed
exactly:

42 +3t—1, s=4t,

4t2 + 5t, s=4t+1,
42 4Tt 1, s=4t+2,
42 + 9t +3, s=4t+ 3.

For example, let us check the case s =0 (mod 4):

ps (4t + 3t — 2) = =32t + 12 < 0 < p, (4% + 3t — 1) = 32t — 8.
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Also, 2bs — 1 = 2|s(s + 3)/4]| — 3 in each case, as required. 0

Remark. For 4 < s < 8, the values of ¢ given by Table 4.1 and Theorem 4.6
coincide, which is reassuring.

The natural question of how to characterize all extremal weights in Theorem 4.1
arises. We have a partial answer as follows. Let g — F be extremal. We know by
Lemma 3.1 that v(g) < I, so assume that v(g) C [I]. It is easy to check that if we
increase each g4 by some € > 0, then the obtained weight is a feasible solution to the
system of Claim 3 from the proof of Theorem 4.1 and hence satisfies (4.5) for some
i and S. As e > 0 is arbitrary and there are finitely many possible pairs (i, S), the
weight g satisfies the nonstrict inequality (4.5) for some (i, S). As g is extremal, we
have, in fact, an equality there. This implies that g4 = 0 unless | 4| - tTA\ = m, and
ADS.

However, in some cases we can get more precise information. As an example,
consider F = (kg 1,k 1). Theorem 4.5 implies that #(F) = 18. However, we are able
to show more.

THEOREM 4.7. ks — (ko.1,ko 1) is the unique extremal weight. Also, there is
ng such that, for all n > ng, we have #(Ksay, Kon) = 18n — 15, and K3 6,—5 and
K3 + Kg,,_¢ are the only extremal graphs (up to isolated vertices).

Proof. Let g — (ka,1,kso,1) have size 18 and no isolated vertices.

By Lemma 3.1 we have v(g) < 9. It is routine to check that at! > 18 for any
a € [4,9]. Thus we know that, for some S = {z,y} C L, we have g4 = 0 whenever
|A] # 3 or A 2 S. Let J be the set of those j € L with g, , ;3 > 0. We have
Zjng{w,yJ} = 6. Suppose, on the contrary to the claim, that g 2 k3. Then we
have |J| > 2.

Consider the 2-coloring c of g obtained by letting ca, 4, = 2718/10 for all disjoint
Ay, Ay € 2% except

Clegtyy = Hygdder = Hay{yg} = SHyddagy = 0.9,
Clayh ) = Citieat = (Glawgr — 3-5)+/2,

Jed,

where f, = fif f >0 and f, =0if f <0. This is a coloring of g: for example,

Z CA; A, >4 x0.9+2x (g{r,%j} —3.5)4/2> 9{z,y,i}-
A1UAs={z,y,5}

Also, neither ¢ nor cy contains ks 1: for example,

> oca<(5-35)/2401<1, i=12,
Ae2l
AD{z,y}
as dg(j) > 1, j € J. This contradiction proves that g = ks ¢.

Let G, be a minimum (K3, K» ,)-arrowing graph, and let L,, = {z € V(G,,) :
d(z) > n}. By Theorem 3.4 |L,| = 3 for all large n. By the minimality of G,
V(Gp) \ Ly, spans no edge and each x € V(G,) \ Ly, sends three edges to L.

If L spans one or two edges in G,, then these edges can be removed without
affecting the arrowing property. Thus e(G,,[Ly]) equals 0 or 3. Now the easy analysis
completes the proof. ]
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