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Abstract

The Turdn function ex(n, F') denotes the maximal number of edges in an F-free
graph on n vertices. However if e > ex(n, F'), many copies of F' appear. We study
the function hp(n,q), the minimal number of copies of F' in a graph on n vertices
with ex(n, F') + q edges. The value of hr(n,q) has been extensively studied when
F' is colour critical. In this paper we consider a simple non-colour-critical graph,
namely the bowtie and establish bounds on hg(n,q) for different ranges of q.

Keywords: Extremal graph theory, Removal lemma, Supersaturation, Turan
function.

Supported by Austrian Science Fund (FWF): P26826
Supported by ERC: 306493 and EPSRC: EP/K012045/1
Email: {kang,makai}@math.tugraz.at
Email: 0.Pikhurko@warwick.ac.uk

=W N =

http://dx.doi.org/10.1016/j.endm.2017.07.023
1571-0653/© 2017 Elsevier B.V. All rights reserved.


http://www.elsevier.com/locate/endm
http://dx.doi.org/10.1016/j.endm.2017.07.023
http://dx.doi.org/10.1016/j.endm.2017.07.023
http://www.sciencedirect.com
http://crossmark.crossref.org/dialog/?doi=10.1016/j.endm.2017.07.023&domain=pdf

680 M. Kang et al. / Electronic Notes in Discrete Mathematics 61 (2017) 679-685

1 Introduction

The Turdn function ex(n, F') of a graph F' is the maximum number of edges
in an F-free graph on n vertices. In 1907, Mantel [9] proved that ex(n, K3) =
|n?/4], where K, denotes the complete graph on r vertices. The fundamental
paper of Turdn [16] solved this extremal problem for cliques: the Turdn graph
T.(n), the complete r-partite graph on n vertices with parts of size |n/r| or
[n/r], is the unique maximum K, -free graph on n vertices. Thus the Turan
function satisfies ex(n, K,11) = |E(T.(n))|.

Stated in the contrapositive, this implies that a graph with ex(n, K, 1) +1
edges (where, by default, n denotes the number of vertices) contains at least
one copy of K, ;. Rademacher (1941, unpublished) showed that a graph with
|n?/4] + 1 edges contains not just one but at least |n/2| copies of a trian-
gle. This is perhaps the first result in the so-called “theory of supersaturated
graphs” that focuses on the function

hie(n,q) = min{#F(H) : |[V(H)| = n, |[E(H)| = ex(n, F') + ¢},

the minimum number of F-subgraphs in a graph on n vertices and ex(n, F')+q
edges. (We say that G is a subgraph of H if V(G) C V(H) and E(G) C E(H);
we call G an F-subgraph if it is isomorphic to F'.)

One possible construction for graphs with minimal number of copies of
F is to add some ¢ edges to a maximum F-free graph. Denote by tp(n,q)
the smallest number of F-subgraphs that can be achieved this way. Clearly,
hr(n,q) < tr(n,q). In fact, this bound is sharp, when ¢ is small. Erdés [1]
extended Rademacher’s result by showing that hg,(n,q) = tx,(n,q) = q|n/2]
for ¢ < 3. Later, he [2,3] showed that there exists some small constant ex, > 0
such that hg, (n,q) = tk,.(n,q) for all ¢ < ek, n. Lovasz and Simonovits [7,8]
found the best possible value of ¢k, as n — oo, settling a long-standing
conjecture of Erdds [1]. In fact, the second paper [8] completely solved the
hi, (n, q)-problem when g = o(n?). The case ¢ = Q(n?) of the supersaturation
problem for cliques has been actively studied and proved notoriously difficult.
Only recently was an asymptotic solution found: by Razborov [13] for K3 (see
also Fisher [5]), by Nikiforov [11] for K}, and by Reiher [14] for general K,..

The value of hr(n,q) has also been considered for general colour-critical
graphs. A graph is r-critical if its chromatic number is r + 1 and in addi-
tion removing a certain edge from the graph reduces its chromatic number.
Simonovits [15] established that if F' is r-critical, then the unique maximal
F-free graph is T,(n). Pikhurko and Yilma [12] extending the results of
Mubayi [10] established that, similarly to cliques, for every colour-critical
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graph F' there exists ep > 0 such that when ¢ < epn, we have hp(n,q) =
tr(n,q). In addition, they established the asymptotic size of hgr(n,q) when
q = o(n?).

Obviously, if we do not know the exact value of ex(n, F'), then it is difficult
to say much about the supersaturation problem. In this paper we investigate
one of the remaining graphs for which this is known, namely the bowtie (two
copies of K3 joined at a vertex). From this point on F' denotes the bowtie.

The main contribution of this paper is threefold. First we establish that
when ¢ = o(n?) any graph with minimal number of copies of F contains a
spanning complete bipartite graph. Second we establish the exact number of
bowties contained in the graph when ¢ < n/4 — 1. Finally we establish the
asymptotic size of hr(n,q) when ¢ = w(n) and ¢ = o(n?).

2 Main results

The Turan function of the bowtie is ex(n, F) = [n?/4] + 1. In addition, the
maximal F-free graph is known, it is a copy of Ty(n) with an arbitrarily added
edge. Recall that T»(n) is a bipartite graph, where the partitions have size
[n/2] and |n/2] vertices respectively. Thus if n is odd, the two partitions have
different sizes and thus, depending on which partition the additional edge is
added to, distinct graphs are created.

Due to the existence of multiple maximal F-free graphs we define tx(n, q)
as the minimal number of copies of F' contained in the graph created by adding
q edges to any maximal F-free graph.

We first show that as long as ¢ = o(n?) any graph with minimal number
of copies of F' contains a spanning complete bipartite graph.

Theorem 2.1 Let H be a graph on n vertices with ex(n, F') + q edges con-
taining hr(n,q) copies of the bowtie. If ¢ = o(n?), then the vertex set of H
can be partitioned into two parts Vi and Vy such that |Vi|,|Va| = (1+0(1))n/2
and every edge between Vi and Vs is present.

In fact, when ¢ < n/4 — 1, a stronger result is true, namely |Vi| = [n/2]
and |Va| = [n/2]. Based on this we can establish the exact value of hg(n,q).

Theorem 2.2 Let g < n/4—1. Then we have hp(n,q) =tr(n,q) and

qg+1

() = (15 ) o2

For large g we establish the asymptomatics of hr(n, q).
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Theorem 2.3 Let ¢ =w(n) and ¢ = o(n?). Then we have
9 5
he(n,q) = (1+0(1))ggn.

3 Proof outline

We start by showing an upper bound on hg(n,q). This can be achieved by
considering an arbitrary graph on n vertices with ex(n, F') + ¢ edges. This
not only gives us the upper bounds in Theorem 2.2 and Theorem 2.3, but also
allows us to use the graph removal lemma (see e.g. [6, Theorem 2.9]).

The graph removal lemma implies that since the number of bowties in
the graph is small, the graph can be made bowtie-free by removing a small
number of edges. In addition, since the chromatic number of the bowties
is 3, the stability result of Erdés [4] and Simonovits [15] implies that the
vertex set of a bowtie-free graph can be partitioned into two sets such that
almost |E(Ty(n))| edges are present between the two partitions. Denote these
partitions with V; and V5 and note that both V; and V4 contain roughly n/2
vertices.

The key step is to establish that every edge between V; and V5 is present.
We show that for every graph, where at least one edge e between V; and V5 is
missing, we can find another graph, where in addition to the previous edges
between Vi and Vs, e is also present and the second graph has fewer bowties.

Type 1 Type 2 Type 3
Fig. 1. Types of bowties

Once we know the existence of such a partition we can express the number
of bowties. Ignore the triangles spanned by V; and V5 for the moment, later
we will see that no such triangles exist in the extremal graph. A bowtie can be
formed in three different ways (see Figure 1). Since we are ignoring triangles
spanned by V; and V5, any triangle in the graph contains exactly one edge
spanned by Vi or V5. As a bowtie consists of two triangles it has to have
exactly two edges spanned by V; or V; and we distinguish the following cases,
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depending on whether both edges are spanned by the same set or not, in
addition if they are spanned by the same set we consider the cases when the
two edges are adjacent or non-adjacent.

Recall that every edge between Vi and V5 is present. Therefore any pair of
disjoint edges in V] is contained in | V5| bowties. If the two edges are adjacent,
then they are contained in |V5|(|Va| —1) bowties. Finally any two edges, where
one edge is spanned by Vi and the other edge is spanned by V53, is contained
in 2(n — 4) bowties.

The previous argument implies that the number of bowties depends only
on the degree sequence of the graphs spanned by V; and V5. In addition, due
to the small number of edges spanned by Vi and V, one can rearrange the
edges in such a way that the degree sequence remains unchanged, but V; and
V5 are triangle-free. Destroying these triangles can only decrease the number
of bowties, justifying our earlier decision to ignore them.

All that is left to show for Theorem 2.1 is that |Vi],|Va] = (1 + o(1))n/2.
Note that if |Vi| = [n/2] and |Va| = |n/2], the number of edges spanned by
Vi and V5 is exactly ¢ + 1. If we increase the number of vertices in V; by a
and, in order to leave the total number of vertices unchanged, at the same
time we decrease the number of vertices in V5, by the same amount, then the
number of edges spanned by V; and V5 increases by at least a?. However, for
large a, due to these additional a? edges, the number of bowties in the graph
increases significantly implying a® = O(q) = o(n?) and thus our result.

Now we consider the lower bound in Theorem 2.2. Since ¢ is small, a more
precise analysis in determining the value of a is possible, and in this case the
optimal solution is @ = 0. From the different types of edge pairs (see Figure 1)
it turns out that type 1 creates the least number of bowties. When ¢ < n/4—1
we can avoid type 2 and 3 bowties, as every edge can be placed into V; in such
a way that it forms a matching. Theorem 2.2 follows once one counts the
number of bowties.

Finally we establish the lower bound in Theorem 2.3. Due to the large
number of bowties created by any pair of adjacent edges, we want to minimise
the number of adjacent pairs. Let e; denote the number of edges spanned by
V1 and ey denote the number of edges spanned by V5. Note that by removing
some edges we can achieve that e; +e5 = ¢+ 1 and that this only decreases the
number of bowties. For fixed e; and e, the number of adjacent edge pairs is
minimised, if every vertex in V] is adjacent to roughly 2e;/n edges and every
vertex in V5 is adjacent to roughly 2e;/n edges, i.e. the vertex degrees can be
defined as a function of e; and e;. Since we fixed the sum of e; and ey as
q + 1, the number of bowties present in the graph can be approximated by a
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function of ey, which after optimisation leads to the asymptotic result.
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