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Abstract. We extend the scenario of the Four Color Theorem in the following
way. Let H i be the set of all k-uniform hypergraphs that can be linearly embed-

ded into RY . We investigate lower and upper bounds on the maximum (weak and
strong) chromatic number of hypergraphs in H 4 . For example, we can prove that
for d > 3 there are hypergraphs in Hp4_3 4 on n vertices whose weak chromatic
number is 2 (logn/loglogn), whereas the weak chromatic number for n-vertex
hypergraphs in M, 4 is bounded by O(n@=2/@=D) ford > 3.

Extended Abstract

The Four Color Theorem [1,2] has been one of the driving forces in
Discrete Mathematics and its theme has inspired many variations. For
example, the chromatic number of graphs that are embedabble into a sur-
face of fixed genus has been intensively studied by Heawood [7], Ringel
and Youngs [11], and many others.

Here, we consider k-uniform hypergraphs that are embeddable into R?
in such a way that their edges do not intersect (see Definition 1 below).
For k = d = 2 the problem specializes to graph planarity. For k = 2
and d > 3 it is not a very interesting question because for any n € N
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the vertices of the complete graph K, can be embedded into R? using
arbitrary points on the moment curve ¢ > (¢, 12, £3).

As a consequence, we focus our attention on hypergraphs, which are
in general not embeddable into any specific dimension. Some proper-
ties of these hypergraphs (or more generally simplicial complexes) have
been investigated (see e.g. [4,8,9,15]), but to our surprise, we have not
been able to find any bounds on their (vertex-)chromatic number. How-
ever, Grilnbaum and Sarkaria (see [6,12]) have differently generalized
the concept of graph colorings to simplicial complexes by coloring faces.
They also bound this face-chromatic number subject to embeddability
constraints.

We now quickly recall and introduce some useful notation. The pair
H = (V, E) is a k-uniform hypergraph if the vertex set V is a finite set
and the edge set E consists of k-element subsets of V.

Let H be a k-uniform hypergraph. A functionk : V(H) — {1, ..., c}
is said to be a strong c-coloring if for all e € E(H) the property |« (e)| =
k holds. The function « is said to be a weak c-coloring if |k (e)| > 1 for
alle € E(H). The strong and weak chromatic number of H is denoted by
x*(H) and xW(H), respectively. For graphs, weak and strong colorings
are equivalent.

We next define what we mean when we say that a hypergraph is em-
bedabble into R?. Here, aff denotes the affine hull of a set of points and
conv the convex hull.

Definition 1 (d-embeddings). Let H be a k-uniform hypergraph and
d € N. A (linear) embedding of H into R is a function ¢ : V(H) —
R?, where ¢(A) for A € V(H) is to be interpreted pointwise, such that
dimaffp(e) = k—1foralle € E(H) and convy (e; N ey) = convep(e;)N
convp(ey) forall ey, e, € E(H).

A k-uniform hypergraph H is said to be d-embeddable if there exists
an embedding of H into R¢. Also, we denote by Hax the set of all
d-embeddable k-uniform hypergraphs. By Féry’s theorem (see [5]), we
have that the k = d = 2 case of this notion of embeddability coincides
with the classical concept of planarity.

Our main results are summarized in the Tables 1 and 2, which con-
tain upper or lower bounds for the maximum weak chromatic number of
a d-embeddable k-uniform hypergraph on n vertices. All results which
only follow non-trivially from prior knowledge are indexed with a num-
ber of the theorem in this extended abstract. On the other hand, the triv-
ial entries in the tables are direct consequences of the Menger-Nobeling
Theorem (see [9, page 295] and [10]) which characterizes for which d
all k-uniform hypergraphs are d-embeddable. The main results for the
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maximum strong chromatic number are Proposition 1 and Theorem 2.

N 3 4 5 6 7
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Table 1. Currently known lower bounds for the maximum weak chromatic num-
ber of a d-embeddable k-uniform hypergraph on n vertices as n — oco. The
number in chevrons indicates the theorem number where we prove this bound.
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Table 2. Currently known upper bounds for the maximum weak chromatic num-
ber of a d-embeddable k-uniform hypergraph on n vertices as n — oo. The
number in chevrons indicates the theorem number where we prove this bound.

Ford, k,n € N we define X;’k(n) =max{x*(H) : H € Hyx, |V(H)| =
n} to be the maximum strong chromatic number of a d-embeddable k-
uniform hypergraph on n vertices. The maximum weak chromatic num-

ber X;’Yk (n) is defined analogously.

Proposition 1. For large n,d > 3, and d + 1 > k we have that X;, ((n) =

|Vn—d+3]+d-3.

Theorem 2. For large n, d > 3, and d > k we have that X;’k(n) =n.
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This bound is shown by constructing a sequence of hypergraphs in
‘Ha.r, which have strong chromatic number equal to the number of their
vertices. Thus, except for the cases where k = d + 1, the maximum
strong coloring problem was solved. In particular, we have shown that an
unbounded number of colors can be necessary for any strong coloring of
a d-embeddable hypergraph if d > 2.

Theorem 3. Let d > 3. Then one has

w 6ed \TT ua | o (n\E
o <[ (G45) o [ =0 ((3)7).

Theorem 4. Let d > [ > 3. Then one has

w 1 sl-1-d Sl—1—d
Xod—1.4(n) < ’V(ed)ﬂnl_ - —‘ =0 <n1_ - )

These two results also holds for piecewise linear embeddings (for a def-
inition e.g. see [8]). To prove them, we first limit the number of edges
(relative to the number of vertices) that a hypergraph in H, ;s and Hyq—;.4
can have. Then, an easy application of the Lovasz Local Lemma [3,14]
yields the existence of a weak c-coloring if ¢ is as high as requested.

Theorem 5. As n — o0 one has X&(n) =Q (101;1gogn)'

Sketch of proof. We inductively construct a sequence of 3-uniform, 3-
embeddable hypergraphs H,, which are weakly m-chromatic. Each new
H,, consists of several copies of H,_; and a few additional vertices (see
Figure 1). The vertices are then arranged on the moment curve and the
embedabbility is proven using a theorem by Shephard [13].

Figure 1. Construction of H,,.

logn

Note that by monotonicity also x )C' 4(n) =Q < ) Furthermore, it is

loglogn
possible to generalize this result for higher dimensions as follows.
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Theorem 6. Let d > 3. Then, as n — oo one has X;Zz—&d(”) =

Q logn )
loglogn

Note that in general there are several other notions of embeddability,
the most popular being piecewise linear embeddings and general topo-
logical embeddings. A short and comprehensive introduction is given
in Section 1 in [8]. Since piecewise linear and topological embeddings
are more general than linear embeddings, all lower bounds for chromatic
numbers can easily be transferred. Furthermore, we prove all our results
on upper bounds for piecewise linear embeddings.
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