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Abstract

We investigate possible large deviation principles (LDPs) for the n-vertex sampling
from a given graphon with various speeds s(n) and resolve all the cases except when
the speed s(n) is of order n2.

For quadratic speed s = (c+ o(1))n2, we establish an LDP for an arbitrary k-step
graphon, which extends a result of Chatterjee and Varadhan [Europ. J. Combin., 32
(2011) 1000–1017] who did this for k = 1 (that is, for the homogeneous binomial
random graphs). This is done by reducing the problem to the LDP for stochastic
k-block models established by Borgs, Chayes, Gaudio, Petti and Sen [Comb., Prob.
Comput., 34 (2025), 680–753]. We also improve some results from that paper.
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1 Introduction

1.1 Overview of the new results

For the reader’s convenience, this section briefly and informally summarises the
main new results obtained in this paper. (Their full statements can be found in Sec-
tions 1.2–1.6.)

We study large deviations for the n-vertex sample G(n,W ) from a given graphon W ,
that is, a symmetric measurable function W : [0, 1]2 → [0, 1]. This is a random graph on
vertex set [n] := {1, . . . , n} produced as follows: we pick n elements x1, . . . , xn ∈ [0, 1]

uniformly at random and make each pair {i, j} an edge with probability W (xi, xj), with
all choices being mutually independent. We investigate if a large deviation principle
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Large deviation principles for graphon sampling

(LDP) holds for a given speed function s(n), i.e. if there is a rate function I from
the appropriately defined topological space W̃ (that includes all finite graphs, up to
isomorphism) to [0,∞] such that the probability of G(n,W ) hitting a subset A ⊆ W̃
can be related to exp(−s(n) infx∈A I(x)) in the standard LDP sense (made precise in
Definition 1.1 here). The first such LDP result for graphon sampling was given in the
ground-breaking work of Chatterjee and Varadhan [11] who established an LDP for
speed (c+ o(1))n2 when W is the constant graphon (and thus G(n,W ) is the standard
binomial random graph).

We show that, for any graphon W , the only “interesting” speeds are Θ(n) and Θ(n2);
namely for all other speed functions either an LDP does not hold or it holds with an
explicitly described rate function I that assumes values 0 and ∞ only.

For speed (c+ o(1))n, we establish an LDP for any graphon W , with a key ingredient
of our proof being an extension by Eichelsbacher [21] of the classical LDP result of
Sanov [41] for empirical measures.

For speed (c+ o(1))n2, we establish an LDP in the case when W is a step graphon,
that is, the elements of [0, 1] are split into k (finitely many) types and the probability
of {i, j} being an edge of G(n,W ) depends only on the types of xi and xj . This case is
related to the so-called stochastic k-block random graph model where the difference to
step graphon sampling is that the number of vertices of each type is given. Our proof
uses the LDP for stochastic block models that was recently obtained by Borgs, Chayes,
Gaudio, Petti and Sen [5]. As a by-product of our line of research, we also improve some
results in [5].

Finally, we completely resolve the LDP problem (for any given speed) for weighted
graph sampling from W , where one takes independent uniform x1, . . . , xn ∈ [0, 1] and
output an edge-weighted complete graph on [n] with the weight of {i, j} being W (xi, xj).

1.2 Large deviations for general topological spaces

The theory of large deviations (see e.g. the books by Dembo and Zeitouni [16],
Rassoul-Agha and Seppäläinen [40], and Varadhan [42]) studies the probabilities of rare
events on the exponential scale. This is formally captured by the following definition.

Definition 1.1. A sequence of Borel probability measures (µn)n∈N on a topological space
X satisfies a large deviation principle (LDP for short) with speed s : N → (0,∞) and
rate function I : X → [0,∞] if

• s(n) → ∞ as n→ ∞,
• the function I is lower semi-continuous ( lsc for short), that is, for each r ∈ R the
level set {I 6 r} := {x ∈ X : I(x) 6 r} is a closed subset of X,

• the following lower bound holds:

lim inf
n→∞

1

s(n)
log µn(G) > − inf

x∈G
I(x), for every open G ⊆ X, (1.1)

• the following upper bound holds:

lim sup
n→∞

1

s(n)
log µn(F ) 6 − inf

x∈F
I(x), for every closed F ⊆ X. (1.2)

Large deviations for various models of random graphs have been receiving much
attention (see e.g. the survey by Chatterjee [8]), often motivated by specific applications,
such as tails of subgraph counts in the binomial random graph (see e.g. [3, 10, 27,
30, 31, 32, 35, 36]) or in some of its constrained versions ([15, 20, 17, 18]), spectral
properties ([7, 28]), algorithms for clustering in 2-block random graphs ([38, 39]),
particular fluctuations of subgraph counts in W -random graphs ([2, 14, 24, 29]), etc.
In addition to the random graph models discussed in this paper, an LDP for growing
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Large deviation principles for graphon sampling

random graphs with a given degree distribution was obtained by Dhara and Sen [19] by
reducing to large deviations for a certain model which gives another generalisation of
the binomial random graph G(n, p); these results were strengthened by Markering [37].

1.3 Binomial random graph and graphons

A basic but central model is the binomial random graph G(n, p), where the vertex
set is [n] and each pair of vertices is an edge with probability p, independently of other
pairs. A large deviation principle for G(n, p) for constant p ∈ (0, 1) was established
in a ground-breaking paper of Chatterjee and Varadhan [11] as follows. (See also the
exposition of this proof in Chatterjee’s book [9].)

As it turns out, the “right” setting is to consider graphons; that is, measurable
symmetric functions [0, 1]2 → [0, 1]. On the set W of all graphons, one can define the
so-called cut-distance δ2, which is a pseudo-metric onW. (See Section 2.1 for all missing
definitions related to graphons.) Consider the factor space

W̃ := {Ũ : U ∈ W},

where Ũ := {V ∈ W : δ2(U, V ) = 0} consists of all graphons weakly isomorphic to U .
The space (W̃, δ2) naturally appears in the limit theory of dense graphs, see e.g. the book
by Lovász [33]. In particular, a graph G on [n] can be identified with the graphon fG

where we partition [0, 1] into intervals of length 1/n each and let fG be the {0, 1}-valued
step function that encodes the adjacency relation. This way, G(n, p) gives a (discrete)
probability measure P̃n,p on (W̃, δ2), where P̃n,p(A) for A ⊆ W̃ is the probability that
the sampled graph, when viewed as a graphon up to weak isomorphism, belongs to the
set A.

Also, recall that, for p ∈ [0, 1], the relative entropy hp : [0, 1] → [0,∞] is defined by

hp(r) := p `

(
r

p

)
+ (1− p) `

(
1− r

1− p

)
, r ∈ [0, 1], (1.3)

where ` : [0,∞] → [−1/e,∞] is defined by

`(x) := x log(x), for x ∈ [0,∞], (1.4)

with the agreement that 0 · ∞ = 0 and ∞ log(∞) = ∞.

Theorem 1.2 (Chatterjee and Varadhan [11]). Let p ∈ [0, 1]. The function Ip : W → [0,∞]

defined by

Ip(U) :=
1

2

∫
[0,1]2

hp(U(x, y)) dxdy, U ∈ W, (1.5)

gives a well-defined function W̃ → [0,∞] (that is, Ip assumes the same value at any

two graphons at δ2-distance 0) which is lower semi-continuous on (W̃, δ2). Moreover,
the sequence of measures (P̃n,p)n∈N on (W̃, δ2) satisfies an LDP with speed n2 and rate
function Ip.

1.4 Sampling from a graphon

There are various important inhomogeneous random graph models that generalise
the binomial random graph G(n, p). The main objective of this paper is to initiate a
systematic study of large deviations for the following model.

For a graphon W ∈ W and an integer n ∈ N, the n-vertex W -sample G(n,W ) is
the random graph on [n] generated by first sampling uniform elements x1, . . . , xn ∈
[0, 1] and then making each pair {i, j} an edge with probability W (xi, xj), where all
choices are mutually independent. As it easily follows from standard results (e.g. [33,
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Lemma 10.23]), the distribution of G(n,W ) will remain the same if we replace W by
any weakly isomorphic graphon, so we could write G(n, W̃ ). However, here and in many
similar situations, we prefer to talk about graphons rather than equivalence classes of
graphons, just for brevity and notational convenience.

Let R̃n,W be the corresponding (discrete) measure on W̃ where we take the equiva-

lence class f̃G ∈ W̃ of the sampled graph G ∼ G(n,W ). WhenW is the constant function
p, we get exactly the binomial random graph G(n, p) and R̃n,W = P̃n,p.

Let us give some definitions that are needed to state the first batch of our LDP
results, namely that, informally speaking, the only “interesting” speeds for the sequence
(R̃n,W )n∈N of measures are Θ(n) and Θ(n2), as well as a general LDP for speed Θ(n).

Recall that we work on the graphon space W̃ endowed with the cut-distance δ2.
Let W ∈ W be a graphon. We assign to W two δ2-closed subsets RN(W ) and

FORB(W ) of W̃ that satisfy W̃ ∈ RN(W ) ⊆ FORB(W ) as follows.
The set FORB(W ) consists by definition of those graphons U such that tind(F,W ) = 0

implies tind(F,U) = 0 for every graph F , where after relabelling V (F ) to be [n] we define

tind(F,U) :=

∫
[0,1]n

∏
{i,j}∈E(F )

U(xi, xj)
∏

{i′,j′}∈E(F )

(1− U(xi′ , xj′)) dx1 . . . dxn (1.6)

to be the induced (homomorphism) density of F in U . (Equivalently for V (F ) = [n],
we can define tind(F,U) as the probability that G(n,U) is equal to F .) In other words,
FORB(W ) consists of those graphons that do not contain induced subgraphs not present
in W . Since each function tind(F, _) is well-defined and continuous on (W̃, δ2) (see
e.g. [33, Lemma 10.23]), the set FORB(W ) is closed and depends only on the weak
isomorphism class W̃ .

The set RN(W ) consists, roughly speaking, of graphons that can be formed from
W by changing the measure on the interval [0, 1]. Formally, suppose that µ is a Borel
probability measure on [0, 1] with µ� λ, that is, µ is absolutely continuous with respect
to the Lebesgue measure λ. Fix any measure-preserving map φ : ([0, 1], λ) → ([0, 1], µ),
which exists by the Isomorphism Theorem for standard probability spaces, and define
Wµ ∈ W by

Wµ(x, y) :=W (φ(x), φ(y)), x, y ∈ [0, 1]. (1.7)

While this definition depends on the choice of φ, the weak isomorphism class of Wµ and
the other properties of Wµ that we use in this paper do not. For example, tind(F,Wµ)

is given by the formula in (1.6) except dxi is replaced by dµ(xi). The reader familiar
with the theory of generalised graphons (in the sense of [33, Section 13.1]) may prefer
to define Wµ as the generalised graphon obtained from W by changing the underlying
probability space from ([0, 1], λ) to ([0, 1], µ). We define RN(W ) to be the δ2-closure of
the set of graphons U for which there is a Borel probability measure µ on [0, 1] with
µ� λ such that U is weakly isomorphic to Wµ.

For Y ⊆ W̃ we denote as χY the function that is 0 on Y and ∞ otherwise. In the case
when Y = {W̃} is a singleton, we write simply χW . Note that χY is lsc whenever Y is
δ2-closed.

Let us illustrate the above notions on a simple example. Namely, suppose that W is a
k-step graphon, meaning that there is a partition [0, 1] = A1 ∪ · · · ∪Ak into measurable
sets such that W is a constant pi,j on each product Ai × Aj , i, j ∈ [k]. Let us assume
additionally that each Ai has positive measure. It is easy to see that RN(W ) consists
exactly of weak equivalence classes of k-step graphons that can be produced from W

by stretching or shrinking A1, . . . , Ak. In other words, every element of RN(W ) comes
from a k-step graphon U with parts B1, . . . , Bk such that the (constant) value of U on
Bi ×Bj is the same as the value ofW on Ai ×Aj for every i, j ∈ [k]. The structure of the
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set FORB(W ) is more complicated. For example, if 0 < pi,i < 1 for some i ∈ [k], then

every graph has positive induced density in W and thus FORB(W ) = W̃ consists of all
graphons. If pi,i = 0 and pi,j ∈ (0, 1) for every i 6= j then FORB(W ) can be shown to

consist of Ũ ∈ W̃ such that U has chromatic number at most k (meaning that there is a
measurable partition B1 ∪ · · · ∪Bk of [0, 1] such that U is 0 a.e. on all diagonal products
Bi ×Bi). Suppose that we consider an LDP for (R̃n,W )n∈N for some speed s. Informally,
the price in probability to change substantially the number of sampled xi ∈ [0, 1] that
are in some part At is e−Θ(n) while the analogous anti-concentration probability for edge
rounding (when, after having fixed x1, . . . , xn ∈ [0, 1], we decide which pairs are edges)
is e−Θ(n2). Thus at speed s(n) = o(n), we do not see any deviations in the limit and the
rate function is χW . For speed s(n) ∈ ω(n) ∩ o(n2) (that is, s(n)/n→ ∞ and s(n)/n2 → 0

as n → ∞), any vertex distribution per parts At is “for free” (while edge rounding
deviations are still “too expensive”), so LDP sees exactly RN(W ). Likewise, for speed
ω(n2), every possible sampled graph must admit a vertex partition V1 ∪ · · · ∪ Vk such that
for each (i, j) ∈ [k]2 with pi,j = 0 (resp. pi,j = 1) all pairs in Vi × Vj are non-edges (resp.
edges, apart the diagonal pairs if i = j) and each such graph occurs with probability at
least e−O(n2); the corresponding set of graphons in the limit as n→ ∞ is easily seen to
be FORB(W ).

Staying with the above k-step example W , it is not hard to derive from the classical
theorem of Sanov [41] that (R̃n,W )n∈N admits an LDP for speed n with rate function I(U)

which is equal to ∞ unless U is a k-step graphon, say with steps B1, . . . , Bk, when

I(U) := min
σ

∑
i∈[k]

λ(Bσ(i)) log

(
λ(Bσ(i))

λ(Ai)

)
,

with the minimum taken over all permutations σ of [k] such that, for all i, j ∈ [k], the
value of U on Bσ(i) ×Bσ(j) is the same as the value ofW on Ai ×Aj (and I(U) is defined
to be ∞ if no such σ exists). Informally speaking, the formula for the rate function (when
it is not equal to ∞) comes from the cost of having the distribution of vertices per types
close to the values stipulated by the measures of the parts Bi. The natural (and correct)
guess of the rate function for general W ∈ W for speed s(n) = n is

KW (Ũ) := inf

{∫
[0,1]

`

(
dµ

dλ

)
dλ : δ2(U,Wµ) = 0, µ� λ

}
, U ∈ W, (1.8)

where dµ
dλ is the Radon–Nikodym derivative and µ is taken over Borel probability mea-

sures on [0, 1] absolutely continuous with respect to the Lebesgue measure λ (and, as
everywhere in the paper, `(s) := x log x is the function defined in (1.4)). Proposition 3.1(d)
shows that the function K is lsc on (W̃, δ2).

Our first result settles LDP for R̃n,W for every speed other than Θ(n2). We use the
standard asymptotic notation (o, O, ω, and Θ) as n→ ∞.

Theorem 1.3. Take any W ∈ W and any function s : N → (0,∞) with s(n) → ∞ as
n→ ∞. We consider the existence of an LDP for the sequence (R̃n,W )n∈N of measures

on the topological space (W̃, δ2) with speed s.

(a) If s(n) = o(n), then there is an LDP with rate function χW .

(b) If s(n) = (c + o(1))n for some c ∈ (0,∞) then there is an LDP with rate func-
tion 1

c KW .

(c) If s(n) ∈ o(n2) ∩ ω(n), then there is an LDP with rate function χRN(W ).

(d) If s(n) = ω(n2), then there is an LDP with rate function χFORB(W ).
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Note that, in all cases of Theorem 1.3, the rate function is 0 at W̃ ; this is a consequence
of the stronger claim (see e.g. [33, Lemma 10.16]) that the n-vertex sample is with
probability 1− o(1) within cut distance o(1) from W as n→ ∞, which can be viewed as
the graphon version of the law of large numbers. Also, observe that, as it is easy to see,
Theorem 1.2 implies an LDP with rate function 1

c hp ifW = p a.e. and s(n) = (c+ o(1))n2.
The results of Theorem 1.3 in the cases when s(n) = o(n2) are proved by first

establishing an LDP for weighted graph sampling, where we take independent uniform
elements x1, . . . , xn ∈ [0, 1] and output the corresponding edge weighted complete graph
H on [n], where wH({i, j}), the weight on the edge {i, j}, is equal to W (xi, xj). Let

(H̃n,W )n∈N be the corresponding distribution on W̃ induced by taking the equivalence

class f̃H ∈ W̃ of the sampled weighted graph H, where fH is the n-step graphon with
parts of measure 1/n whose values are given by the weights of H. Our Lemma 5.2
implies via basic results on exponential equivalence that, for speeds o(n2), an LDP for
(H̃n,W )n∈N automatically gives an LDP for (R̃n,W )n∈N with the same rate function, and

vice versa. Working with (H̃n,W )n∈N is much easier, and we completely resolve the LDP

problem for this model in Theorem 4.1. In general, the original sequence (R̃n,W )n∈N
exhibits a different LDP behaviour than (H̃n,W )n∈N for speeds Ω(n2) since the second
step (edge rounding) may result in Ω(n2) “atypically” rounded edges with probability
e−Θ(n2). In the case whenW is {0, 1}-valued (when each edge weight of H ∼ H̃n,W is 0 or

1), the edge rounding step involves no randomness and R̃n,W = H̃n,W . Thus Theorem 4.1

fully resolves the LDP problem for (R̃n,W )n∈N for such graphons. More generally, the

LDP problem for (R̃n,W )n∈N is fully resolved for any W with RN(W ) = FORB(W ), see
the discussion in Section 11.

1.5 LDP for step graphons for speed Θ(n2)

Here (in Theorem 1.4) we prove an LDP for (R̃n,W )n∈N and speed (c+ o(1))n2, when
W is a step graphon. Suppose that W has k non-null parts A1, . . . , Ak and its values are
encoded by a symmetric k × k matrix p = (pi,j)

k
i,j=1. It comes as no surprise that if we

consider large deviations for (R̃n,W )n∈N at speed Θ(n2) then the rate function depends
only on (pi,j)i,j∈[k] but not on the (non-zero) measures of the parts Ai.

We need some preparation to define the rate function for the given matrix p. For a
non-zero real k-vector α = (α1, . . . , αk) ∈ [0,∞)k, let (I(α)

1 , . . . , I
(α)
k ) denote the partition

of [0, 1] into consecutive intervals such that each interval I(α)
i has length αi/‖α‖1. Also,

define the function Jα,p : W̃ → [0,∞) by

Jα,p(Ũ) := inf
V ∈Ũ

1

2

∑
i,j∈[k]

∫
I
(α)
i ×I(α)

j

hpi,j (V (x, y)) dxdy, U ∈ W. (1.9)

Note that the function Jα,p will not change if we multiply the vector α by any positive
scalar. Finally, define

Rp(Ũ) := inf
α∈[0,1]k

α1+...+αk=1

Jα,p(Ũ), U ∈ W. (1.10)

Theorem 1.4. LetW be a k-step graphon with k non-null parts whose values are encoded
by a symmetric k × k matrix p ∈ [0, 1]k×k. Let s : N→ (0,∞) be any function such that,
for some c ∈ (0,∞), we have s(n) = (c+ o(1))n2.

Then the function Rp : W̃ → [0,∞] is lower semi-continuous with respect to the

metric δ2. Moreover, the sequence of measures (R̃n,W )n∈N on (W̃, δ2) satisfies an LDP
with speed s(n) and rate function 1

c Rp.

For k = 1, this gives the LDP result of Chatterjee and Varadhan [11] (that is, Theo-
rem 1.2).

EJP 31 (2026), paper 59.
Page 6/37

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1512
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Large deviation principles for graphon sampling

1.6 Stochastic block models

Sampling from a step graphon is closely related to a stochastic block model, which
provides another important generalisation of the binomial random graph G(n, p) and
which we define now. Here we are given a symmetric k × k matrix p = (pi,j)i,j∈[k] ∈
[0, 1]k×k with entries in [0, 1] and an integer vector a = (a1, . . . , ak) ∈ Nk

>0, where N>0 :=

{0, 1, 2, . . .} denotes the set of non-negative integers. The corresponding probability
distribution on W̃ is defined as follows. Let n be equal to ‖a‖1 = a1 + · · · + ak and
let (A1, . . . , Ak) be the partition of [n] into k consecutive intervals with Ai having ai
elements. The random graph G(a,p) on [n] is produced by making each pair {x, y} of
[n] an edge with probability pi,j where i, j ∈ [k] are the indices with x ∈ Ai and y ∈ Aj ,
with all choices made independently of each other. Output the weak isomorphism class

f̃G ∈ W̃ of the graphon fG of the generated graph G ∼ G(a,p) on [n]. Let P̃a,p be the

corresponding (discrete) probability measure on W̃.

Let us point out the difference between the random graphs G((a1, . . . , ak), (pi,j)i,j∈[k])

and G(a1 + · · · + ak,W ) where W is a k-step graphon whose values are encoded by a
matrix (pi,j)i,j∈[k]. In the former model, we have exactly ai vertices in the i-th block for
each i ∈ [k]. In the latter model, each vertex is put into one of the k blocks with the
probabilities given by the measures of A1, . . . , Ak, independently of the other vertices;
thus the number of vertices in each block is binomially distributed. Of course, if k = 1,
then both models coincide with the binomial random graph G(a1, p1,1).

Borgs, Chayes, Gaudio, Petti and Sen [5] extended Theorem 1.2 to k-block stochastic
models as follows. For a real-valued function I on a topological space X, let its lower
semi-continuous regularization be

Ilsc(x) := sup

{
inf
y∈G

I(y) : G ⊆ X is open and G 3 x

}
, x ∈ X. (1.11)

As it is well-known (see e.g. [40, Lemma 2.8]), Ilsc is lower semi-continuous and, in fact,
Ilsc is the largest lsc function with Ilsc 6 I.

Theorem 1.5 (Borgs, Chayes, Gaudio, Petti and Sen [5]). Let α ∈ Nk
>0 be a non-zero

integer k-vector and let p ∈ [0, 1]k×k be a symmetric k × k matrix. Then the sequence
of measures (P̃nα,p)n∈N on (W̃, δ2) satisfies an LDP with speed (n ‖α‖1)2 and rate
function (Jα,p)lsc.

Our paper uses Theorem 1.5 to derive Theorem 1.4, even though we initially proved
Theorem 1.4 independently of the work by Borgs et al [5], by first proving an LDP for
what we call k-coloured graphons (that are defined in Section 7). Since our original proof
of Theorem 1.4 is quite long and shares many common steps with the proof from [5]
(with both being built upon the method of Chatterjee and Varadhan [11]), we decided to
derive Theorem 1.4 from the results in [5] with a rather short proof. An extra benefit of
this approach is that we also improve two aspects of the LDP of Borgs et al [5] as follows.

First, we prove that the function Jα,p : W̃ → [0,∞] is lower semi-continuous (so,
in particular, there is no need to take the lower semi-continuous regularization in
Theorem 1.5):

Theorem 1.6. For every symmetric matrix p ∈ [0, 1]k×k and every non-zero real k-vector
α ∈ [0,∞)k, the function Jα,p : W̃ → [0,∞] is lower semi-continuous with respect to the
metric δ2.

Note that if no entry of the fixed matrix p is 0 or 1 then the lower semi-continuity of
Jα,p follows from a (more general) result of Markering [37, Theorem 2.3].

Second, we extend Theorem 1.5 by allowing the fraction of vertices assigned to a
part to depend on n as long as it converges to any finite (possibly irrational) limit.
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Theorem 1.7. Fix any symmetric k × k matrix p ∈ [0, 1]k×k and a non-zero real k-vector
α = (α1, . . . , αk) ∈ [0,∞)k. Let

an = (an,1, . . . , an,k) ∈ Nk
>0, for n ∈ N,

be arbitrary non-zero integer k-vectors such that limn→∞ an,i/n = αi for each i ∈ [k].

Then the sequence of measures (P̃an,p)n∈N on (W̃, δ2) satisfies an LDP with speed ‖an‖21
and rate function Jα,p.

Note that an earlier (unpublished) manuscript by the authors [25] contained Theo-
rems 1.6 and 1.7, with the same proofs as are presented here. Thus it is fully superseded
by this paper.

1.7 Organisation of the paper

This paper is organised as follows.
In Section 2 we give further definitions (repeating some definitions from the Intro-

duction) and provide some standard or easy results that we will need later.
In Section 3, we present basic results concerning the function KW that was defined

in (1.8). In Section 4, we resolve all cases of the LDP problem for the measures H̃n,W
coming from the weighted graph sampling. In Section 5, we show that the sequences
(H̃n,W )n∈N and (R̃n,W )n∈N are exponentially equivalent for any speed s(n) = o(n2). This

automatically gives LDPs for (R̃n,W )n∈N in Theorem 1.3 for speeds o(n2). The remaining
unproved case of Theorem 1.3, namely when s(n)/n2 → ∞ is done in Section 6.

The rest of the paper deals with speeds in Θ(n2). Section 7 introduces k-coloured
graphons. They are used in Section 8 to prove that the functions Ja,p and Rp are lower
semi-continuous (with this result stated as Theorem 8.4). The large deviation principles
stated in Theorems 1.7 and 1.4 are proved in Section 9 and 10 respectively.

In order to make this paper accessible to a broad audience, we try to provide detailed
proofs, including steps that experts in the corresponding field would view as standard.

2 Preliminaries

Recall that N (resp. N>0) denotes the set of positive (resp. non-negative) integers.
For n ∈ N, we write [n] for the set {1, . . . n}. Also, recall that `(x) := x log x for x ∈ [0,∞]

was defined by (1.4). All logarithms in this paper are base e.
Let X be a set. Its indicator function 1X assumes value 1 for every x ∈ X and 0

otherwise. Recall the related function χX which is 0 on X and ∞ elsewhere. The product
of k copies of X is denoted by Xk. For a real-valued function f whose domain includes
X, we abbreviate inf{f(x) : x ∈ X} as infX f . Also,

(
X
k

)
:= {Y ⊆ X : |Y | = k} denotes

the set of all k-subsets of X.
A measurable space (Ω,A) is called standard if there is a Polish topology on Ω whose

Borel σ-algebra is equal to A. Given a measure µ on (Ω,A), we call a subset of Ω
µ-measurable (or just measurable if µ is understood) if it belongs to the completion
of A by µ, that is, the σ-algebra generated by A and µ-null sets. We will usually omit
σ-algebras from our notation.

Unless specified otherwise, the interval [0, 1] of reals is always equipped with the
Lebesgue measure, denoted by λ. By µ⊕k we denote the completion of the k-th power of
a measure µ. For example, λ⊕k is the Lebesgue measure on [0, 1]k.

Denote as A(k) the set of all ordered partitions of [0, 1] into k measurable sets. For a
non-zero vector α = (α1, . . . , αk) ∈ [0,∞)k, we letA(α) ⊆ A(k) to be the set of all ordered
partitions of [0, 1] into k measurable sets such that the i-th set has Lebesgue measure

exactly αi/‖α‖1. Recall that (I(α)
1 , . . . , I

(α)
k ) ∈ A(α) denotes the partition of [0, 1] into
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consecutive intervals whose lengths are given by α/‖α‖1 (where each dividing point
is assigned to e.g. its right interval for definiteness). If a ∈ (0,∞)n consists of n equal

entries, then we abbreviate I(α)
j to Inj . In other words, Inj := [ j−1

n , jn ) for j ∈ [n− 1] and

Inn :=
[
n−1
n , 1

]
.

We write Gn for the set of graphs on the vertex set [n]. Thus, for example, |Gn| = 2(
n
2).

For a graph G = (V,E), its complement is G :=
(
V,

(
V
2

)
\ E

)
.

Also, let Hn denote the set of all edge-weighted complete graphs on the vertex set [n]
with weights from [0, 1]. If H ∈ Hn, then we write wH :

(
[n]
2

)
→ [0, 1] for the edge-weight

function of H, often abbreviating wH({i, j}) to wH(i, j).

2.1 Graphons

A graphon U is a function U : [0, 1]2 → [0, 1] which is symmetric (that is, U(x, y) =

U(y, x) for all x, y ∈ [0, 1]) and measurable (that is, for every a ∈ R, the level set {U 6 a}
is a Lebesgue measurable subset of [0, 1]2). Recall that we denote the set of all graphons
by W. We call a graphon W constant if there is c ∈ [0, 1] such that the measure of
[0, 1]2 \W−1(c) is 0.

We define the pseudo-metric d2 : W2 → [0, 1] by

d2(U, V ) := sup
A,B⊆[0,1]

∣∣∣∣∫
A×B

(U − V ) dλ⊕2

∣∣∣∣ , U, V ∈ W, (2.1)

where the supremum is taken over all pairs of measurable subsets of [0, 1]. For a function
φ : [0, 1] → [0, 1] and a graphon U , the pull-back Uφ of U along φ is defined by

Uφ(x, y) := U(φ(x), φ(y)), x, y ∈ [0, 1].

The cut-distance δ2 : W2 → [0, 1] can be defined as

δ2(U, V ) := inf
φ,ψ

d2(U
φ, V ψ), (2.2)

where the infimum is taken over all measure-preserving maps φ, ψ : [0, 1] → [0, 1]. We
refer the reader to [33, Section 8.2] for more details and, in particular, to [33, Theorem
8.13] for some alternative definitions that give the same distance. It can be easily verified
that δ2 is a pseudo-metric on W. Recall that we denote the metric quotient by W̃ and
the equivalence class of U ∈ W by Ũ . For brevity, we may write W instead of W̃ when
the stated property is independent of the choice of a representative in W̃ .

Define the homomorphism density of a finite graph F on [n] in a graphon W by

t(F,W ) :=

∫
[0,1]n

∏
{i,j}∈E(F )

W (xi, xj) dλ
⊕n(x).

This can be easily related to the induced homomorphism density defined in (1.6): namely,
t(F,W ) is the sum of tind(F ′,W ) over all graphs F ′ on [n] with E(F ′) ⊇ E(F ). Also,
the random n-vertex sample G(n,W ) (and the corresponding measure Rn,W on W) can
be equivalently defined as the random graph on [n] taking each possible value F with
probability tind(F,W ).

We will need the following auxiliary results. The first one, due to Lovász and
Szegedy [34, Theorem 5.1] (see also [33, Theorem 9.23]), states that the metric space
(W̃, δ2) is compact.

The next result is a consequence of the Counting Lemma and the Inverse Counting
Lemma in Borgs et al [6, Theorem 2.7(a)–(b)] (see also [33, Lemma 10.32 and The-
orem 11.3]). It gives that the δ2-topology on W̃ is generated by the homomorphism
density maps W 7→ t(F,W ) over all graphs F .
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Theorem 2.1. A sequence of graphons (Wn)n∈N converges toW ∈ W in the cut-distance
if and only if limn→∞ t(F,Wn) = t(F,W ) for every graph F .

We will also need the following result. Since we could not find this result in the
literature, we present its (routine but technical) proof in the arxiv version of this
paper [26].

Lemma 2.2. Let U be a graphon and φ : [0, 1] → [0, 1] be a measurable function such that
the push-forward measure φ∗λ (defined by (φ∗λ)(X) := λ(φ−1(X)) for Borel X ⊆ [0, 1])
satisfies φ∗λ � λ, that is, φ∗λ is absolutely continuous with respect to the Lebesgue
measure λ. Then Uφ is a graphon. Moreover, if the Radon-Nikodym derivative D :=
d(φ∗λ)

dλ satisfies D(x) 6 1 + ε for λ-a.e. x ∈ [0, 1] then δ2(U,Uφ) 6 2ε.

Informally speaking, the following result states that if we delete a small subset of
[0, 1] and stretch the rest of a graphon uniformly then the new graphon is close to the
original one.

Lemma 2.3. Let U ∈ W be a graphon, s ∈ (0, 1] be a non-zero real and φ : [0, 1] → [0, 1]

be the map that sends x to sx. Then Uφ is a graphon and δ2(U,Uφ) 6 2( 1s − 1).

Proof. Clearly, the push-forward φ∗λ is the uniform probability measure on [0, s] so the
Radon-Nikodym derivative d(φ∗λ)

dλ is a.e. 1/s on [0, s] and 0 on [s, 1]. The result now
follows from Lemma 2.2.

2.2 Topology

The (pseudo-)metrics on the graphon space W that we use are d2, d1 and d∞ with
the last two coming from the L1 and L∞ norms respectively, where we view W as a
subset of the vector space of bounded measurable functions on [0, 1]2. When we consider
[0, 1]n, we use the L∞-metric, denoting it also by d∞: d∞(x, y) = max{|xi − yi| : i ∈ [n]}
for x, y ∈ [0, 1]n. Let

Bd(x, r) := {y : d(x, y) < r} and Bd(x, r) := {y : d(x, y) 6 r}

denote respectively the open and closed balls of radius r around a point x in a metric d.
If it is clear from the context we write, e.g., B∞(x, r) instead of Bd∞(x, r), etc.

Let X be a topological space and µ be a Borel probability measure on X. Recall that
L1(X,µ) is the space of all integrable functions, L∞(X,µ) is the space of all essentially
bounded measurable functions, C(X) is the space of all continuous functions and P(X)

is the space of all Borel probability measures on X. Some of the topologies that we will
consider on these spaces are as follows:

• the weak∗ topology on P(X), where νn
weak∗−−−−→ ν if and only if

∫
X
f dνn →

∫
X
f dν

for every f ∈ C(X),

• the weak∗ topology on L1(X,µ), where fn
weak∗−−−−→ f if and only if

∫
X
fng dµ →∫

X
fg dµ for every g ∈ C(X),

• the τk-topology on P(X) for given k ∈ N, which is the coarsest topology such
that, for every bounded Borel function a : Xk → R, the map µ 7→

∫
Xk adµ

⊕k is
continuous,

• the weak topology on L1(X,µ), where fn
weak−−−→ f if and only if

∫
X
fng dµ→

∫
X
fg dµ

for every g ∈ L∞(X,µ).

By the weak topology on {µ ∈ P([0, 1]) : µ � λ}, we will mean the topology inherited
from the weak topology on L1([0, 1], λ) via the natural embedding µ 7→ dµ

dλ . On this set,
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the weak topology coincides with the τ1-topology, since every measurable function can
be made Borel by changing it on a null-set. Also, note that if we view each element f
of L1(X,µ) as a Borel measure f dµ on X defined by (f dµ)(A) :=

∫
A
f(x) dµ(x) then, on

the intersection with P(X), the corresponding weak∗ topologies coincide.
Some classical results that we will need are collected in Appendix A.

3 Properties of the function KW

We start with some basic observations concerning the function KW that was defined
in (1.8).

Proposition 3.1. Let W,U, V ∈ W. Then we have the following:

(a) KW is non-negative,

(b) KW (U) = 0 if and only if δ2(W,U) = 0,

(c) K−1
W ([0,∞)) is a dense subset of RN(W ) with respect to the δ2-metric,

(d) KW : (W̃, δ2) → [0,∞] is a lower semi-continuous function,

(e) if W is not a constant graphon, then RN(W ) contains at least two (not weakly
isomorphic) graphons and there is U ∈ W such that KW (U) ∈ (0,∞).

Proof. Recall that `(x) := x log(x) for x ∈ [0,∞]. Its restriction to [0,∞) is a convex
continuous function.

Proof of (a). Since ` is a convex function on [0,∞) and
∫

dµ
dλ dλ = 1 for every probability

measure µ� λ, we have by Jensen’s inequality that
∫
`
(

dµ
dλ

)
dλ > `

(∫
dµ
dλ dλ

)
= `(1) = 0,

giving the required inequality KW (U) > 0 for every U .

Before we proceed with the remaining parts of the proposition, we formulate an
auxiliary claim.

Claim 3.2. Let a measure µ and a sequence (µn)n∈N of measures in {ν ∈ P([0, 1]) : ν �
λ} satisfy µn

weak−−−→ µ (that is, dµn

dλ

weak−−−→ dµ
dλ ). Then we have

lim inf
n→∞

∫
[0,1]

`

(
dµn
dλ

)
dλ >

∫
[0,1]

`

(
dµ

dλ

)
dλ, as n→ ∞.

Proof. For a ∈ [−1/e,∞) define

Ya :=

{
f ∈ L1([0, 1], λ) : f > 0 λ-a.e.,

∫
[0,1]

f dλ 6 1,

∫
[0,1]

`(f) dλ 6 a

}
.

Let us show that for every a ∈ [−1/e,∞), the subset Ya ⊆ L1([0, 1], λ) is closed in
the L1-topology. Take any functions fn in Ya that converge in the L1-norm to some f ∈
L1([0, 1], λ) as n → ∞. Of course, f > 0 λ-a.e. and

∫
[0,1]

f dλ 6 1. By passing to a

subsequence, we can assume that fn(x) → f(x) for λ-a.e. x ∈ [0, 1]. By the continuity of
the function `, we have that `(fn(x)) → `(f(x)) for λ-a.e. x ∈ [0, 1]. Since ` is bounded
from below by −1/e, it holds by Fatou’s lemma that

a > lim inf
n→∞

∫
[0,1]

`(fn) dλ >
∫
[0,1]

(
lim inf
n→∞

`(fn)
)
dλ =

∫
[0,1]

`(f) dλ.

Thus f ∈ Ya and we conclude that the set Ya is closed as required.
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Since ` is a convex function, the set Ya is also convex for every a. Thus, by Mazur’s
lemma (Theorem A.4), the set Ya is also weakly closed.

Let a := lim infn→∞
∫
[0,1]

`
(

dµn

dλ

)
dλ. We have a > −1/e. Suppose that a < ∞ as

otherwise the claim holds trivially. For any ε > 0 there are infinitely many n with
dµn

dλ ∈ Ya+ε; thus the weak limit dµ
dλ also belongs to the weakly closed set Ya+ε. Since

ε > 0 was arbitrary, it holds that dµ
dλ ∈ Ya, as desired.

Proof of (b). If δ2(U,W ) = 0 then KW (U) 6 0 (since we can take µ := λ in the definition
of KW ) while KW (U) > 0 by Part (a), as desired.

For the forward implication, suppose that KW (U) = 0. By the definition of KW , there
is a sequence (µn)n∈N of elements of P([0, 1]) such that µn � λ, δ2(Wµn

, U) = 0 for every

n ∈ N, and
∫
`
(

dµn

dλ

)
dλ→ 0 as n→ ∞.

Let k ∈ N. It is easy to see that µ⊕k
n � λ⊕k and that

dµ⊕k
n

dλ⊕k
(x) =

∏
i∈[k]

dµn
dλ

(xi)

holds for λ⊕k-almost every x = (x1, . . . , xk) ∈ [0, 1]k. A direct use of Fubini-Tonelli’s
theorem gives

∫
[0,1]k

`

(
dµ⊕k

n

dλ⊕k

)
dλ⊕k =

∫
[0,1]k

∏
i∈[k]

dµn
dλ

(xi)

∑
i∈[k]

log

(
dµn
dλ

(xi)

) dλ⊕k(x)

= k

∫
[0,1]

`

(
dµn
dλ

)
dλ, for every n ∈ N.

This tends to 0 as n→ ∞ and thus is bounded. Since ` > −1/e, the integrals above remain
bounded if we replace ` by the non-decreasing convex function G(x) := max{`(x) , 0},
x ∈ [0,∞]. By the de la Vallée-Poussin Theorem (Theorem A.2) applied to the function

G, the set F := { dµ⊕k
n

dλ⊕k : n ∈ N} is uniformly integrable. Thus, by the Dunford–Pettis
Theorem (Theorem A.1) its weak closure is compact in the weak topology. By the
Eberlein–Šmulian Theorem (Theorem A.3) we can pass to a subsequence of n such that
dµ⊕k

n

dλ⊕k weakly converges to dνk
dλ⊕k for some νk ∈ P([0, 1]k) with νk � λ⊕k.

By iteratively repeating the above step for each k = 1, 2, . . . and doing diagonalisation,

we can assume that, for every k, it holds that dµ⊕k
n

dλ⊕k

weak−−−→ dνk
dλ⊕k as n→ ∞.

Set µ := ν1. Let us show that, for each k > 2, the measures νk and µ⊕k are the
same. By Dynkin’s Theorem (see e.g. [12, Corollary 1.6.3]), it is enough to show that
these two measures coincide on each product A1 × · · · × Ak of Borel sets since such
products are closed under intersection and generate the Borel σ-algebra of [0, 1]k. By
weak convergence, we have

∫
1A1×···×Ak

dνk = lim
n→∞

∫
1A1×···×Ak

dµ⊕k
n = lim

n→∞

k∏
i=1

∫
1Ai

dµn =

k∏
i=1

∫
1Ai

dµ,

as desired.

Next we exploit the fact that δ2-convergence is equivalent to the homomorphism
densities convergence (Theorem 2.1). For every graph F = ([k], E(F )), we have by weak
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convergence that

t(F,U) = t(F,Wµn) =

∫
[0,1]k

dµ⊕k
n

dλ⊕k
(x)

∏
{i,j}∈E(F )

W (xi, xj) dλ
⊕k(x)

n→∞−−−−→
∫
[0,1]k

dµ⊕k

dλ⊕k
(x)

∏
{i,j}∈E(F )

W (xi, xj) dλ
⊕k(x) = t(F,Wµ).

Thus δ2(U,Wµ) = 0. It remains to show that µ = λ, i.e., Wµ = W . Claim 3.2 gives

that
∫
[0,1]

`
(

dµ
dλ

)
dλ = 0. Recall that the proof of Part (a) shows that this integral is

non-negative by applying Jensen’s inequality to the strictly convex function `(x). Since
we have equality, it must be the case that dµ

dλ is constant λ-a.e. Thus the probability
measures µ and λ coincide, proving (b).

Proof of (c). It follows from the definition that K−1
W ([0,∞)) ⊆ RN(W ). To show that

this subset is dense, it is enough to show that for every µ ∈ P([0, 1]) such that µ � λ

there is a sequence (µn)n∈N ⊆ P([0, 1]) such that δ2(Wµn
,Wµ) → 0 and, for every n ∈ N,

we have µn � λ and KW (Wµn
) <∞.

Given n ∈ N, let Xn := {x ∈ [0, 1] : dµ
dλ (x) > n} and An := [0, 1] \ Xn. If λ(Xn) = 0,

then we let µn = µ. Otherwise let dµn := gn dλ, where we define gn : [0, 1] → R to be the
constant 1

λ(Xn)

∫
Xn

dµ
dλ dλ = µ(Xn)/λ(Xn) <∞ on Xn and let gn be dµ

dλ on An. Then we

have
∫
[0,1]

gn dλ = 1 and ‖gn‖∞ 6 max{µ(Xn)/λ(Xn), n} < ∞ for every n > 1. Also, we

can take the measure µn � λ in the definition of KW (Wµn
) as an infimum over a set of

measures, obtaining that

KW (Wµn) 6
∫
`(gn) dλ 6 `(max{µ(Xn)/λ(Xn), n}) <∞.

Moreover, it is easy to see that µ⊕k(Akn) = µ⊕k
n (Akn) tends to 1 as n→ ∞ for every fixed

k ∈ N. For any graph F = ([k], E(F )), we have

t(F,Wµn) =

∫
Ak

n

∏
{i,j}∈E(F )

W (xi, xj) dµ
⊕k
n (x) +

∫
[0,1]k\Ak

n

∏
{i,j}∈E(F )

W (xi, xj) dµ
⊕k
n (x)

=

∫
Ak

n

∏
{i,j}∈E(F )

W (xi, xj) dµ
⊕k(x) +

∫
[0,1]k\Ak

n

∏
{i,j}∈E(F )

W (xi, xj) dµ
⊕k
n (x)

n→∞−−−−→
∫
[0,1]k

∏
{i,j}∈E(F )

W (xi, xj) dµ
⊕k(x) + 0 = t(F,Wµ)

and the claim follows.

Proof of (d). We have to show that the functionKW : W̃ → [0,∞] is lsc. Take an arbitrary
sequence (Un)n∈N of graphons convergent to a graphon U in the δ2-distance. We need
to show that KW (U) 6 lim infn→∞KW (Un). Assume that lim infn→∞KW (Un) < ∞ as
otherwise there is nothing to do. By passing to a subsequence we can in fact assume that
supn∈NKW (Un) <∞. After passing to a further subsequence, we can pick a sequence
(µn)n∈N in P([0, 1]) such that δ2(Un,Wµn) = 0, µn � λ and

lim inf
n→∞

∫
[0,1]

`

(
dµn
dλ

)
dλ = lim inf

n→∞
KW (Un).

By using Theorems A.1, A.2 and A.3 similarly as above and passing to a subsequence, we

find µ ∈ P([0, 1]) such that µ� λ and dµ⊕k
n

dλ⊕k

weak−−−→ dµ⊕k

dλ⊕k for every k ∈ N. Similarly as in
the proof of Part (b), one gets

t(F,Un) = t(F,Wµn
) → t(F,Wµ).
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This implies δ2(U,Wµ) = 0 and KW (U) 6
∫
[0,1]

`
(

dµ
dλ

)
dλ. Another use of Claim 3.2

implies KW (U) 6 lim infn→∞KW (Un) because
dµn

dλ

weak−−−→ dµ
dλ . This finishes the proof.

Proof of (e). Suppose that W is not a constant graphon. First, we find U, V ∈ RN(W )

such that δ2(U, V ) > 0.

Since W is not constant there are a < b ∈ [0, 1] such that A := W−1([0, a]) and
B := W−1([b, 1]) both have non-zero measure. Let ε := (b−a)

9 > 0. Using Lebesgue’s
density theorem, we can find pairwise disjoint intervals XA, YA, XB , YB of the same
positive measure such that

λ⊕2 ( (XA × YA) ∩A ) > (1− ε)λ⊕2(XA × YA)

λ⊕2 ( (XB × YB) ∩B) > (1− ε)λ⊕2(XB × YB).

We use these intervals to define distinct U, V ∈ RN(W ).

Definition 3.3. For disjoint intervals D1, D2 ⊆ [0, 1] of positive length, we define the
graphon W(D1,D2) as follows. For (x, y) ∈ [0, 1]2, let i, j ∈ {1, 2} be the indices satisfying
x ∈ I2i and y ∈ I2j , and define

W(D1,D2)(x, y) :=W (ψi(x), ψj(y)) ,

where, for h = 1, 2, ψh is the increasing linear function that bijectively maps the interior
of I2h to the interior of Dh.

Informally speaking, W(D1,D2) is obtained from W by putting half of the whole mass
uniformly on D1 and half on D2.

Set U := W(XA,YA) and V := W(XB ,YB). Clearly, Ũ , Ṽ ∈ RN(W ). Thus U is at most
a (resp. V is at least b) on (0, 1/2) × (1/2, 1) apart a subset of measure at most ε. Let
us show that δ2(U, V ) > 0. Let ϕ : [0, 1] → [0, 1] be an arbitrary measure preserving
bijection. We can assume that at least half measure of the pre-image ϕ−1( (0, 12 ) ) lies in
the first half of [0, 1] by the symmetry between XA and YA. Thus C := ϕ−1( (0, 12 ) )∩ (0, 12 )

has measure at least 1/4. By the measure preservation of ϕ, we have that the measure
of D := ϕ−1( ( 12 , 1) ) ∩ ( 12 , 1) is

λ(D) = 1
2 − λ

(
ϕ−1( ( 12 , 1) ) ∩ (0, 12 )

)
= 1

2 − λ
(
(0, 12 ) \ C

)
= λ(C).

Then we have∫
C×D

V ϕ(x, y) dλ⊕2 =

∫
ϕ(C)×ϕ(D)

V (x, y) dλ⊕2 > bλ⊕2(C ×D)− ε

4∫
C×D

U(x, y) dλ⊕2 6 aλ⊕2(C ×D) +
ε

4
.

and thus

d2(U, V
ϕ) > (b− a)λ(Ci ×Di)−

ε

2
>

(b− a)− 8ε

16
>
b− a

144
.

Since ϕ was an arbitrary measure preserving function, we have d2(U, V ) > 0, as desired.

Finally, take any Ṽ ∈ RN(W ) not weakly isomorphic to W , which exists by above.
By Part (c), there is Ũ ∈ RN(W ) such that KW (U) <∞ and δ2(U, V ) < δ2(W,V ). Then
δ2(U,W ) > 0 and, by Parts (a) and (b), we have KW (U) > 0. Thus KW (U) ∈ (0,∞),
finishing the proof.
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4 LDPs for (H̃n,W )n∈N

In this section, we completely resolve the LDP problem for the measures H̃n,W which
come from sampling uniform x ∈ [0, 1]n and taking the graphon of the edge-weighted
graph H on [n] with wH(i, j) :=W (xi, xj).

Theorem 4.1. Take any graphon W ∈ W and any function s : N→ (0,∞) with s(n) →
∞ as n → ∞. We consider the existence of an LDP for the sequence (H̃n,W )n∈N of

probability measures on the metric space (W̃, δ2) with speed s.

(a) If s(n) = o(n) then there is an LDP with rate function χW .

(b) If s(n) = (c + o(1))n for some c ∈ (0,∞) then there is an LDP with rate func-
tion 1

c KW .

(c) If s(n) = ω(n), then there is an LDP with rate function χRN(W ).

(d) If W is a constant graphon, then LDP holds (regardless of the speed s) with rate
function χW = KW = χRN(W ).

(e) If W is not a constant graphon and s(n) does not satisfy any of the assumptions
(a)–(c), then there is no LDP (that is, no function I : W̃ → [0,∞] satisfies Defini-
tion 1.1).

Before we prove Theorem 4.1, let us show that the measures (H̃n,W )n∈N are sup-
ported around RN(W ) in the metric δ2 (which implies that any rate function for any
speed must be ∞ outside of the closed set RN(W )).

Proposition 4.2. Let W ∈ W and n ∈ N. Then

H̃n,W

({
Ũ ∈ W̃ : δ2(Ũ ,RN(W )) 6

1

n

})
= 1.

Proof. The proof consists of two steps. In the first step we show that the claim holds
whenever W attains only finitely many values. In the second step we use the fact that
such graphons are dense in W in the L∞-norm to extend the claim to any W . It will be
convenient in the proof to use also the measures (Hn,W )n∈N on the space W. Recall that

this is the version of (H̃n,W )n∈N, where we do not take the equivalence class f̃H of the
sampled weighted graph H but simply output fH .

Step (I). Suppose first that W attains only finitely many values, i.e., the set W
(
[0, 1]2

)
is finite. Then the measures Hn,W are atomic for every n ∈ N. Let U ∈ W be such that
Hn,W ({U}) > 0. Note that by the definition of Hn,W there is H ∈ Hn such that U = fH

and if we put

XH := {x ∈ [0, 1]n : for all i < j in [n] W (xi, xj) = wH(i, j)} ,

then we have λ⊕n (XH) > 0. By d1 > d2, it is enough to find a sequence (Vk)k∈N in W
such that limk→∞ d1 (Vk, U) 6 1

n and Ṽk ∈ RN(W ) for each k.
Recall that B∞(x, r) denotes the (open) radius-r ball around x ∈ [0, 1]n in the L∞-

metric. By the Lebesgue Density Theorem (for the L∞-metric on [0, 1]n), the set of
density points of XH has measure λ⊕n(XH) > 0 so it contains a point x ∈ (0, 1)n such
that xi 6= xj for every i < j in [n]. Recall that x being a density point of XH means that

lim
ε→0

λ⊕n(XH ∩B∞ (x, ε))

λ⊕n(B∞ (x, ε))
= 1.
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Let k ∈ N be large enough. Then the intervals Ji,k :=
[
xi − 1

k , xi +
1
k

]
, for i ∈ [n], are

pairwise disjoint. Similarly to Definition 3.3, let Vk := W(J1,k,...,Jn,k) be obtained from
W by putting mass 1/n uniformly into each of the intervals J1,k, . . . , Jn,k. By definition,
Vk ∈ RN(W ). Let i < j in [n] and define

Ai,j,k :=
{
(a, b) ∈ Ini × Inj : Vk(a, b) 6= wH(i, j)

}
.

Since the intervals In1 , . . . , I
n
n in Vk correspond to the invervals J1,k, . . . , Jn,k in W , we

have by Fubini-Tonelli’s Theorem that

λ⊕2 (Ai,j,k) = (2k)2

n2 λ⊕2
({

(a, b) ∈ B∞
(
(xi, xj),

1
k

)
:W (a, b) 6= wH(i, j)

})
= (2k)n

n2 λ⊕n
({
z ∈ B∞

(
x, 1k

)
:W (zi, zj) 6= wH(i, j)

})
6 (2k)n

n2 λ⊕n
(
B∞

(
x, 1k

)
\XH

)
=

λ⊕n
(
B∞

(
x, 1k

)
\XH

)
n2 λ⊕n

(
B∞

(
x, 1k

)) ,

which tends to 0 as k → ∞ since x is a density point for XH .
Noticing that, for 1 6 i < j 6 k, Ai,j,k is exactly the subset of Ini × Inj where U and Vk

differ we have

d1 (Vk, U) =

∫
[0,1]2

|Vk − U | dλ⊕2

6
∑
i∈[n]

λ⊕2 (Ini × Ini ) + 2
∑

16i<j6n

λ⊕2 (Ai,j,k)
k→∞−−−−→ 1

n
.

This finishes the first step of the proof.

Step (II). Let W be an arbitrary graphon and let n ∈ N. For k ∈ N, let Wk ∈ W be such
that d∞(W,Wk) 6 1

k and Wk attains only finitely many values. Note that for every Borel
probability measure µ ∈ P([0, 1]) that is absolutely continuous with respect to λ, we have

δ2 (Wµ, (Wk)µ) 6
1

k
.

Indeed, we can assume that we use the same measure-preserving map φ : ([0, 1],

λ) → ([0, 1], µ) when defining Wµ and (Wk)µ as in (1.7). Then δ2 (Wµ, (Wk)µ) 6
supA,B |

∫
A×B(W −Wk)µ

⊕2| while the function |W −Wk| is at most 1
k except on a set

which is null in λ⊕2 and thus also in µ⊕2 � λ⊕2.
It follows that{
Ũ ∈ W̃ : δ2

(
Ũ ,RN(Wk)

)
6

1

n

}
⊆

{
Ṽ ∈ W̃ : δ2

(
Ṽ ,RN(W )

)
6

1

n
+

1

k

}
. (4.1)

In the natural coupling between Hn,W and Hn,Wk
where we use the same x ∈ [0, 1]n,

the edge weights on each pair differ at most by 1
k and thus the d∞-distance between the

sampled graphons is at most 1
k with probability 1. Since d2 6 d∞ and the left-hand side

of (4.1) has the H̃n,Wk
-measure 1 by Step (I), we conclude that the H̃n,W -measure of the

( 1n + 2
k )-neighbourhood of RN(W ) in δ2 is also 1. Now the proposition follows by the

σ-additivity of H̃n,W since k ∈ N was arbitrary.

Now we can now resolve the LDP problem for H̃n,W for every speed.

Proof of Theorem 4.1. It is more convenient to prove its parts in a different order than
stated.

Proof of (b). Recall that we are givenW ∈ W and have to show that (H̃n,W )n∈N satisfies

the LDP on
(
W̃, δ2

)
with speed s(n) = (c+ o(1))n and rate function 1

c KW .
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In brief, our proof goes as follows. We can generate G ∼ H̃n,W using the following
two functions. The first function qn sends an n-vector x ∈ [0, 1]n to the probability
measure qn(x) on [0, 1] that puts weight 1/n on each xi. The second function ∆W sends
a probability measure µ on [0, 1] to the equivalence class of Wµ. We can obtain G by
applying the composition of these two maps to a uniformly random x ∈ [0, 1]n. We
would like to argue that an LDP holds for qn(x) on the space P([0, 1]) of Borel probability
measures on [0, 1] and then transfer this via the Contraction Principle (Theorem 4.7 here)
to the space W̃. As we know, the topology on the latter is generated by homomorphism
density functions t(F, _) and the value of a such function on Wµ is the integral of the
product of

∏
ij∈E(F )W (xi, xj) with respect to µ⊕k, where V (F ) is assumed to be [k]. We

need the compositions of all these maps with ∆W to be continuous in order to apply
the Contraction Principle. This dictates our choice of τ∞ (to be defined shortly) as the
topology on P([0, 1]). Fortunately for us, a result of Eichelsbacher [21] (Theorem 4.4
here) that strengthens Sanov’s LDP result for empirical measures suffices for deriving
the desired LDP for qn(x).

Let us present a formal proof. It is enough to do the case when c = 1 and s(n) = n, as
this affects only the scaling factors. Recall that, for k ∈ N, τk is the coarsest topology on
P([0, 1]) such that, for every bounded Borel function a : [0, 1]k → R, the map

µ 7→
∫
[0,1]k

adµ⊕k, µ ∈ P([0, 1]), (4.2)

is continuous. Let τ∞ be the topology generated by
⋃
k∈N τ

k, that is, the coarsest
topology on P([0, 1]) such that the map in (4.2) is continuous for all k ∈ N and all
bounded Borel functions a.

The topology τk will be useful to us since it makes various maps involving k-fold
integrals continuous. However, one has to be careful as some natural properties fail.
For example, [16, Exercise 7.3.18] shows that the map P([0, 1]) → P([0, 1]k) that sends
a measure µ to its k-th power µ⊕k for k > 2 is not continuous with respect to the
τ1-topologies on these two spaces.

Let qn : [0, 1]n → P([0, 1]) be the map that assigns to x ∈ [0, 1]n the measure

qn(x) :=
1

n

∑
i∈[n]

δxi
.

Claim 4.3. The map qn : [0, 1]n → (P([0, 1]), τ∞) is Borel.

Proof of Claim. It is enough to show that, for every k ∈ N, t ∈ R, and every Borel
function a : [0, 1]k → R, the pre-image under qn of the set {µ ∈ P([0, 1]) :

∫
aµ⊕k < t}

is Borel since these sets generate the topology τ∞. The pre-image is exactly the
set {x ∈ [0, 1]n : φ(x) < t}, where φ(x) is the integral of a under the k-th power of
qn(x) = 1

n

∑
i∈[n] δxi

. Note that φ is the sum of n−ka(xi1 , . . . , xik) over all n
k possible

choices of i1, . . . , ik ∈ [n]. This is a Borel function of x. Thus its level set {φ < t} ⊆ [0, 1]n

is also Borel, as desired.

Recall that λ is the Lebesgue measure on [0, 1]. Define Λn := (qn)∗ λ
⊕n to be the

push-forward of λ⊕n via the map qn. By Claim 4.3, Λn is a well-defined Borel probability
measure on the topological space (P([0, 1]), τ∞).

Let µ ∈ P([0, 1]). Define the Kullback–Leibler divergence (or relative entropy) of µ
with respect to the Lebesgue measure λ by

H(µ|λ) :=

{ ∫
[0,1]

`
(

dµ
dλ

)
dλ, if µ� λ,

∞, otherwise.
(4.3)
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The following result for m = 2 was proved by Eichelsbacher [21, Theorem 1] who
remarked ([21, Page 911]) that his result can be generalised to arbitrary m. (A more
general result can be found in Eichelsbacher and Schmock [22, Theorems 1.7(c) and
1.10]: namely Theorem 4.4 follows from the special case when the family Φ in [22] is
taken to be the set of all bounded measurable functions [0, 1]m → R.)

Theorem 4.4 (Eichelsbacher [21]). Let m ∈ N and let Q⊕m
n be the law of the m-th power

(qn(xn))
⊕m ∈ P([0, 1]m) where xn is a uniform element of [0, 1]n. For ν ∈ P([0, 1]m), if ν

is the m-th power η⊕m of some measure η ∈ P([0, 1]), then define

I(ν) := H(η|λ);

otherwise we define I(ν) := ∞.
Then the sequence of measures (Q⊕m

n )n∈N on the topological space (P([0, 1]m), τ1)

satisfies an LDP with speed n and rate function I. Moreover, the rate function I is good,
that is, for every t ∈ [0,∞) the level set {I 6 t} is τ1-compact.

Let us show that, for every m ∈ N, the set Ppower([0, 1]
m) of measures µ ∈ P([0, 1]m)

such that µ = ν⊕m for some ν ∈ P([0, 1]) is closed in the τ1-topology. By Dynkin’s
theorem (e.g. [12, Corollary 1.6.3]), this set can be equivalently described as the set of
those µ ∈ P([0, 1]m) such that for all measurable sets A1, . . . , Am ⊆ [0, 1] it holds that

µ(A1 × · · · ×Am) =

m∏
i=1

µ
(
[0, 1]i−1 ×Ai × [0, 1]m−i) . (4.4)

So take any measure µ which is not in this set and fix some A1, . . . , Am ⊆ [0, 1] violat-
ing (4.4). Then there is ε > 0 such that (4.4) is still violated if we modify each value of µ
by less than ε. Thus if we take the indicator functions of the m+1 sets appearing in (4.4)
and require that the ν-integral of each differs from the corresponding value of µ⊕m by
less than ε, then we obtain a τ1-open set of measures ν, which contains µ and is disjoint
from Ppower([0, 1]

m). Hence, the latter set is indeed a τ1-closed.
Since for each integer n ∈ N the support of the measure Q⊕m

n lies inside the closed
set Ppower([0, 1]

m), the LDP of Theorem 4.4 can be restricted to this set, with each
level set of the rate function I still being compact. On the the other hand, the map
ν 7→ ν⊕m gives a homeomorphism between the topological spaces (P([0, 1]), τm) and
(Ppower([0, 1]

m), τ1). Also, under this map, the push-forward of Λn is precisely Q⊕m
n while

I corresponds to H(_|λ). Thus, for every m ∈ N, the sequence (Λn)n∈N on (P([0, 1]), τm)

satisfies an LDP with speed n and rate function H(_|λ). Since τ∞ is the coarsest topology
generated by all τm, we obtain the following claim by the Dawson–Gärtner theorem ([13],
or see e.g. [16, Theorem 4.6.1]).

Claim 4.5. The sequence (Λn)n∈N satisfies an LDP on (P([0, 1]), τ∞) with speed n and
rate function H(_|λ).

Fix a representation of W : [0, 1]2 → [0, 1] as a symmetric Borel function that satisfies
W (x, x) = 0 for all x ∈ [0, 1]. We remark that the requirement to have a value 0 on the
diagonal corresponds to the fact that weighted graphs in our definition do not have
loops. Next, we extend the definition of Wµ to an arbitrary µ ∈ P([0, 1]) by taking some
measure-preserving map φ : ([0, 1], λ) → ([0, 1], µ) and defining Wµ(x, y) :=W (φ(x), φ(y))

for (x, y) ∈ [0, 1]2. Note that since µ can have atoms we need to have W fixed as an
everywhere defined Borel function (and not as a measurable function defined a.e.). Write
W̃µ for the equivalence class of Wµ in W̃.

Define a map ∆W : P([0, 1]) → W̃ by µ 7→ W̃µ. Even though the definition of ∆W

depends on the fixed representative of W as a Borel function, it can be easily verified
that, irrespective of this representation, the push-forwards of the Lebesgue measure λ⊕n
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to the space W̃ along the maps in the diagram in (4.5) are the same. Also, the following
properties do not depend on the choice of a representative.

Claim 4.6. The map ∆W is (τ∞, δ2)-continuous.

Proof. By Theorem 2.1, it is enough to show that, for any fixed graph F = ([k], E(F )),
the real-valued function t(F,∆W (_)) : P([0, 1]) → R is τ∞-continuous. This func-
tion sends a measure µ ∈ P([0, 1]) to t(F,Wµ) =

∫
[0,1]k

a(x) dµ⊕k(x), where a(x) :=∏
{i,j}∈E(F )W (xi, xj) for x ∈ [0, 1]k. It is, in fact, τk-continuous by definition, since a is a

Borel function. The claim is proved.

For n ∈ N, consider now the map qn,W : [0, 1]n → W that is defined by

qn,W (x) := fx,W , x ∈ [0, 1]n,

where fx,W is the step graphon that is obtained from the weighted graph H on [n] that
corresponds to the x-sample from W , i.e., wH(i, j) = W (xi, xj). Note that since W is a
fixed Borel function the map qn,W is well-defined.

It follows easily from the definitions that the diagram

[0, 1]
n W

P([0, 1]) W̃

qn,W

qn

∆W

(4.5)

is commutative. In particular, for every n ∈ N, the measure H̃n,W is the push-forward of
Λn via ∆W . (Recall that Λn is the push-forward of λ⊕n via qn.)

By Claim 4.5, the sequence (Λn)n∈N satisfies an LDP on (P([0, 1]), τ∞) with speed n
and good rate function H(_|λ). Now, we invoke the following well-known result whose
proof can be found in e.g. [16, Theorem 4.2.1].

Theorem 4.7 (Contraction Principle). Let X and Y be Hausdorff topological spaces,
(µn)n∈N be a sequence of Borel probability measures on X, I : X → [0,∞] be a good rate
function, f : X → Y be a continuous function and let s(n) → ∞ as n → ∞. If (µn)n∈N
satisfies an LDP on X with speed s and rate function I, then the sequence (f∗µn)n∈N
of the push-forward measures on Y satisfies an LDP with speed s and rate function I ′,
where

I ′(y) := inf{I(x) : f(x) = y}, for y ∈ Y .

Moreover, I ′ is a good rate function on Y .

Theorem 4.7 gives that the sequence (H̃n,W )n∈N of measures on (W̃, δ2) satisfies an

LDP with speed n and the rate function whose value at Ũ is

inf{H(µ|λ) : µ� λ, δ(∆W (µ), U) = 0},

which by ∆W (µ) = Wµ is exactly the definition of KW (Ũ) from (1.8). This finishes the
proof of Part (b).

Let us turn to the remaining parts of Theorem 4.1.

Proof of (a). Recall that the claimed rate function is χW . Let O ⊆ W̃ be an open set.
Suppose that the equivalence class W̃ ofW belongs to O for otherwise infO χW = ∞ and
the LDP lower bound (1.1) vacuously holds. Since the cut-distance between the graphon
W and its n-vertex sample H ∼ H̃n,W tends to 0 with probability 1− o(1) as n→ ∞ (by,
for example, [33, Lemma 10.16]), the probability that fH ∈ O tends to 1 and the LDP
lower bound (1.1) trivially holds. (Recall that we assume that s(n) → ∞ as n→ ∞.)
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Next, let F ⊆ W̃ be a closed set. Suppose that W̃ 6∈ F for otherwise the LDP upper
bound is vacuously true. By Part (b) applied to the closed set F with speed n, we have
that

lim sup
n→∞

1

n
log

(
H̃n,W (F )

)
6 − inf

Ũ∈F
KW (U).

Observe that the right-hand side is strictly less than 0. Indeed, since the function
KW is lower semi-continuous by Proposition 3.1(d), it attains its infimum over the
compact set F at some Ṽ ∈ F . By Proposition 3.1(b), we have KW (V ) > 0. Thus
infŨ∈F KW (U) = KW (V ) > 0.

Consequently, by s(n) = o(n), we have

lim sup
n→∞

1

s(n)
log

(
H̃n,W (F )

)
= −∞ = − inf

Ũ∈F
χW (U)

and that shows that the LDP upper bound (1.2) holds as well.

Proof of (c). Here s(n)/n→ ∞ and the stated rate is χRN(W ). Let O ⊆ W̃ be an open
set. Suppose that O ∩RN(W ) 6= ∅ as otherwise the LDP lower bound (1.1) vacuously
holds. By the already proved Part (b) (for speed n) we have

lim inf
n→∞

1

n
log

(
H̃n,W (O)

)
> − inf

Ũ∈O
KW (U).

Recall that RN(W ) is the closure of the set of graphons Wµ over all Borel probability

measures µ� λ; thus we can find such µ so that W̃µ belongs to the open setO. Pick r > 0

such that the δ2-ball of radius r around W̃µ lies entirely inside O. By the integrability
of dµ

dλ with respect to λ, there is finite R such that the λ-measure of the level set X :=

{ dµ
dλ 6 R} is at least 1−r/2. Let the probability measure ν be zero on [0, 1]\X and be the

restriction of µ to X scaled up by factor 1/µ(X). Since the measures µ⊕2 and ( 1
µ(X) ν)

⊕2

coincide on a set X2 of measure at least (1−r/2)2 > 1−r, we have δ2(Wµ,Wν) < r. Thus
Wν still belongs to the open set O. Thus infOKW 6 KW (Wν) 6 `(R) <∞. Consequently,
since s(n)/n→ ∞, we have

lim inf
n→∞

1

s(n)
log

(
H̃n,W (O)

)
= 0 = − inf

Ũ∈O
χRN(W )(U).

This establishes the LDP lower bound (1.1).
Suppose now that F ⊆ W̃ is a closed set. Assume that F ∩RN(W ) = ∅ as otherwise

the LDP upper bound (1.2) vacuously holds. Thus, by the compactness of W̃, we can find
n0 ∈ N such that

F ∩
{
Ṽ ∈ W̃ : δ2(Ṽ ,RN(W )) 6

1

n0

}
= ∅.

Consequently, H̃n,W (F ) = 0 holds for every n > n0 by Proposition 4.2, and the upper
LDP bound (1.2) follows.

Proof of (d). Here W is a constant graphon, say of value p. Trivially, RN(W ) = {W},
KW = χW = χRN(W ), and H̃n,W is the Dirac point mass on W̃n, where the graphon Wn

is p everywhere, except it is 0 on ∪ni=1(I
i
n× Iin). (Recall that weighted graphs do not have

loops.) Since the graphons Wn converge to W , the LDP claimed in Part (d) holds.

Proof of (e). It remains to show that there is no LDP if W is not constant and s(n) does
not satisfy any of the assumptions in Parts (a)–(c) of Theorem 4.1. Pick two subsequences
of n such that the speeds s(n) satisfy two different assumptions from (a)–(c). These
two subsequences satisfy the corresponding LDPs by what we have just proved. It is
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enough to show that the two corresponding rate functions differ since the (lower semi-
continuous) LDP rate function on a regular topological space is unique (see e.g., [40,
Theorem 2.13]).

If at least one of the occurring cases is from Part (b) then, by Proposition 3.1(e), the
rate function assumes a finite positive value and thus determines limn→∞ s(n)/n (and
is also different from the {0,∞}-valued functions χW and χRN(W )), giving the required.
Otherwise, we have exactly the two cases of Parts (a) and (c) occurring, one rate function
χW is 0 on a single point W̃ while the other rate function vanishes on at least two
different points by Proposition 3.1(e).

5 Exponential equivalence

The following notion of exponential equivalence is useful for transferring an LDP
proved for one sequence of measures to another (see e.g. [16, Theorem 4.2.13]) We
use the standard definition (as in [16, Definition 4.2.10]), which simplifies slightly when
restricted to the case of separable metric spaces.

Definition 5.1 (Exponential equivalence). Let (µn)n∈N and (νn)n∈N be sequences of
Borel probability measures on a separable metric space (X, d). Let s : N→ (0,∞) satisfy
s(n) → ∞ as n→ ∞. We say that (µn)n∈N and (νn)n∈N are exponentially equivalent for
speed s if there is a sequence of Borel probability measure (Θn)n∈N on X ×X such that
for every n ∈ N the marginals of Θn are µn and νn, and for every α > 0 it holds that

lim sup
n→∞

1

s(n)
log (Θn ({(x, y) ∈ X ×X : d(x, y) > α})) = −∞.

Informally speaking, the definition states that there is a coupling such that the
probability of seeing a pair of outcomes at distance bounded from 0 decays faster than
e−O(s).

Let us show that, for any speed o(n2), the n-vertex samples from a graphon, one with
edge rounding and the other without edge rounding, are exponentially equivalent.

Lemma 5.2. Let W ∈ W. Take any function s : N → (0,∞) such that s(n) → ∞ and
s(n)/n2 → 0 as n→ ∞. Then the sequences (R̃n,W )n∈N and (H̃n,W )n∈N are exponentially
equivalent for speed s.

Proof. Let n ∈ N and H ∈ Hn. Recall that wH denotes the edge-weight function of H.
Let Λn,H be the discrete probability measure on W which, for every graph G on [n], gives
mass

Λn,H({fG}) :=
∏

{i,j}∈E(G)

wH(i, j)
∏

{i′,j′}∈E(G)

(1− wH(i′, j′)) (5.1)

to fG. This is exactly the distribution after edge-rounding the weighted graph H (and
taking the corresponding graphon in W). It is easy to see that, for every n ∈ N, the
assignment (H,G) 7→ Λn,H

({
fG

})
is Borel measurable. This allows us to define a Borel

probability measure Λn,W on W ×W by

Λn,W (A) :=

∫
Λn,H

({
fG : G ∈ Gn,

(
fH , fG

)
∈ A

})
dHn,W (fH),

where A ⊆ W × W is a Borel set. Informally speaking, the first component is the
weighted n-vertex sample H from W while the second component is an edge rounding
of H (or, more precisely, we take the graphons corresponding to these graphs). Define
the probability measure Θn,W as the push-forward of Λn,W via W ×W � W̃ × W̃, the

product of the quotient maps. One can easily verify that the marginals of Θn,W are H̃n,W
and R̃n,W .
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Let us show that the coupling given by Θn,W satisfies Definition 5.1. Take any α > 0.
We set

Oα := {(Ũ , Ṽ ) ∈ W̃ × W̃ : δ2(Ũ , Ṽ ) > α}

and

Qα := {(U, V ) ∈ W ×W : δ2(U, V ) > α}.

Clearly, we have Θn,W (Oα) = Λn,W (Qα). Our aim is to show that this is e−ω(s(n)) as
n→ ∞.

We need the following result. Recall that the measure Λn,H was defined in (5.1).

Claim 5.3. For every k ∈ N there is C > 0 such that for every F ∈ Gk, β > 0, n ∈ N and
H ∈ Hn it holds that

Λn,H
({
fG : G ∈ Gn,

∣∣t(F, fG)− t(F, fH)
∣∣ > β

})
6 e−Cβ

2n2

. (5.2)

Proof. Let F ∈ Gk, n ∈ N and H ∈ Hn. Let hom(F,G) denote the number of homomor-
phisms from F to G, that is, functions V (F ) → V (G) that send edges to edges. Note
that hom(F,G) = t(F, fG)nk. With this notation we have that the left-hand side of (5.2)
is equal to

Λn,H
({
fG : G ∈ Gn,

∣∣hom(F,G)− t(F, fH)nk
∣∣ > βnk

})
.

Enumerate the set
(
[n]
2

)
as {e1, . . . , em}, m :=

(
n
2

)
. Consider the corresponding edge-

exposure martingale for hom(F, _) in the edge rounding process for H. Formally, for
s ∈ {0, . . . ,m} we define a random variable Xs : Gn → R as

Xs(G) :=
∑

f∈[n][k]

∏
{i,j}∈E(F )
a(f(i),f(j))>s

wH(f(i), f(j))
∏

{i,j}∈E(F )
a(f(i),f(j))6s

1{f(i),f(j)}∈E(G), G ∈ Gn,

where a(i, j) for ij ∈
(
[n]
2

)
is the unique index in [m] with ea(i,j) = {i, j}. Consider the

(σ-)algebra filtration (Bs)ms=0 on Gn that is generated by the functions
(
1ei∈E(G)

)s
i=1

, i.e.,
revealing edges one-by-one according to the enumeration. It is easy to see that the
sequence (Xs)

m
s=0 forms a martingale with respect to the filtration (Bs)ms=0. Moreover

E(X0) = t(F, fH)nk and Xm(G) = hom(F,G) for every G ∈ Gn. Let s ∈ [m]. Then we
have

|Xs −Xs−1| 6
∣∣∣{f :∈ [n][k] : es ⊆ f( [k] )

}∣∣∣ 6 k2nk−2.

By Azuma’s inequality (see e.g. [1, Theorem 7.2.1]), we have that, for some C = C(k) > 0,

Λn,H
({
fG : G ∈ Gn,

∣∣hom(F,G)− t(F, fH)nk
∣∣ > βnk

})
= Λn,H

({
fG : G ∈ Gn, |Xm − E (X0)| > βnk

})
6 2e

− β2n2k

2mk4n2(k−2) 6 e−Cβ
2n2

.

This finishes the proof of the claim.

We are now ready to verify Definition 5.1 for any given α > 0. The Inverse Counting
Lemma of Borgs et al [6, Theorem 2.7(b)] (see also [33, Lemma 10.32]) implies that
(depending on α > 0) there are k ∈ N and β > 0 such that

Qα ⊆ {(U, V ) ∈ W ×W : ∃F ∈ Gk |t(F,U)− t(F, V )| > β}.
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We have

Λn,W (Qα) =

∫
Λn,H

({
fG : G ∈ Gn,

(
fH , fG

)
∈ Qα

})
dHn,W (fH)

6
∫
Λn,H

({
fG : G ∈ Gn, ∃F ∈ Gk

∣∣t(F, fH)− t(F, fG)
∣∣ > β

})
dHn,W (fH)

6
∑
F∈Gk

∫
Λn,H

({
fG : G ∈ Gn,

∣∣t(F, fH)− t(F, fG)
∣∣ > β}

})
dHn,W (fH)

6 2(
k
2)e−Cβ

2n2

where C > 0 depends only on k ∈ N and the last inequality follows from Claim 5.3.
Putting all together, we obtain

lim sup
n→∞

1

s(n)
log (Θn,W (Oα)) 6 lim sup

n→∞
− 1

s(n)
Cβ2n2 = −∞

by the assumption that s(n) = o(n2).
This verifies all requirements of Definition 5.1 and finishes the proof.

6 LDPs for the measures R̃n,W

Now we are ready to establish Theorem 1.3 that deals with LDPs for the random
(edge rounded) graph G(n,W ).

Proof of Theorem 1.3. It is well-known (see e.g. [16, Theorem 4.2.13]) that, for a given
speed, if two sequences of probability measures on the same space are exponentially
equivalent then one sequence satisfies an LDP if and only if the other satisfies the same
LDP. Thus the combination of Lemma 5.2 and Theorem 4.1 easily implies all claims of
Theorem 1.3, apart from Part (d).

Let us prove Part (d). Here the speed is s(n) = ω(n2) and the stated rate function
is χFORB(W ). There are two steps in the proof.

(I) If Ũ 6∈ FORB(W ), then there are α > 0 and n0 ∈ N such that for every n > n0 we

have R̃n,W
(
Bδ2(Ũ , α)

)
= 0.

(II) If α > 0 and G ∈ Gk are such that tind(G,W ) 6= 0, then

lim
n→∞

1

s(n)
log

(
R̃n,W

(
Bδ2

(
f̃G,

1

k
+ α

)))
= 0. (6.1)

First we show how (I) and (II) imply Part (d) of the theorem.
Let F ⊆ W̃ be a δ2-closed set. If F ∩FORB(W ) 6= ∅, then the LDP upper bound (1.2)

is vacuously satisfied. Otherwise for some α > 0 we have δ2(F,FORB(W )) > α because
we take the distance between two disjoint closed sets in a compact metric space. For
each Ũ ∈ F we pick αU ∈ (0, α) and nU ∈ N that satisfy (I). Of course, the open balls
centred at Ũ of radius αU over all Ũ ∈ F cover F . By the compactness of F there is a
finite subcover; let it be given by Ũ1, . . . , Ũl ∈ F . Then, for every n > maxi∈[l] nUi

, we
have

R̃n,W (F ) 6 R̃n,W

⋃
i∈[l]

Bδ2

(
Ũi, αUi

) = 0.

Thus the LDP upper bound (1.2) vacuously holds.
Let O ⊆ W̃ be a δ2-open set. If O ∩ FORB(W ) = ∅, then the LDP lower bound

(1.1) is vacuously satisfied. Otherwise there are Ũ ∈ FORB(W ) and α > 0 such that
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Bδ2(Ũ , 3α) ⊆ O. It is known that the cut-distance between any graphon U and its typical
n-vertex sample tends to 0 as n→ ∞ (see e.g. [33, Lemma 10.16]). Thus there is a graph
G ∈ Gk, where we can additionally assume that k > 1/α, such that tind(G,U) > 0 and
δ2(f

G, U) < α. It follows that

Bδ2

(
f̃G,

1

k
+ α

)
⊆ Bδ2

(
Ũ ,

1

k
+ α+ δ2(f

G, U)

)
⊆ Bδ2(Ũ , 3α) ⊆ O.

Since Ũ ∈ FORB(W ), we must have tind(G,W ) > 0. Thus we have by (II) that

lim inf
n→∞

1

s(n)
log

(
R̃n,W (O)

)
> lim inf

n→∞

1

s(n)
log

(
R̃n,W

(
Bδ2

(
f̃G,

1

k
+ α

)))
= 0,

and the LDP lower bound (1.1) vacuously holds.
It remains to establish each of Steps (I) and (II).

Step (I). Let Ũ 6∈ FORB(W ). By definition there are k ∈ N and H ∈ Gk such that
tind(H,W ) = 0 and tind(H,U) > 0. Since the map tind(H, _) is δ2-continuous by Theo-
rem 2.1, we can find α > 0 such that

Bδ2(Ũ , α) ⊆
{
Ṽ ∈ W : tind(H,V ) >

1

2
tind(H,U)

}
.

We show that this α works as required with n0 := dk2/tind(H,U)e.
Let n > n0 and G ∈ Gn be any graph such that δ2(fG, U) < α. In particular, we have

tind(H, f
G)−

(
k

2

)
1

n
>

1

2

(
tind(H,U)− k2

n

)
> 0 (6.2)

Note that

λ⊕k
({
x ∈ [0, 1]k : ∃ l ∈ [n] ∃ i 6= j ∈ [k] xi, xj ∈ Inl

})
6

(
k

2

)
1

n
.

Thus, by (6.2) we can find an injective embedding of H into G. It follows by Fubini-
Tonelli’s theorem that tind(G,W ) 6 tind(H,W ). Since tind(H,W ) = 0, we have

tind(G,W ) = 0. This implies that R̃n,W ({f̃G}) 6 n! tind(G,W ) is zero. Since the discrete

measure R̃n,W is supported on {f̃G : G ∈ Gn}, we conclude that R̃n,W
(
Bδ2

(
Ũ , α

))
= 0,

as desired.

Step (II). Let α > 0 and let G ∈ Gk be such that tind(G,W ) > 0. Let H ∼ G(n,W ) be the
random n-vertex sample from W . For γ ∈ (0, 1) define

Xγ := {x ∈ [0, 1]k : ∀{i, j} ∈ E(G) W (xi, xj) > γ, ∀{i, j} ∈ E(G) W (xi, xj) 6 1− γ}.

It follows from tind(G,W ) > 0 and the σ-additivity of λ⊕k that there is γ > 0 such that
λ⊕k (Xγ) > 0. By the Lebesgue Density Theorem, we can find y ∈ Xγ such that yi 6= yj
whenever i 6= j in [k] and

lim
l→∞

λ⊕k
(
Xγ ∩B∞

(
y, 1l

))
λ⊕k

(
B∞

(
y, 1l

)) = 1.

Fix l ∈ N large enough so that

λ⊕k
(
Xγ ∩B∞

(
y, 1l

))
λ⊕k

(
B∞

(
y, 1l

)) > 1− α

2
, (6.3)

and the intervals Ji :=
[
yi − 1

l , yi +
1
l

]
, i ∈ [k], are pairwise disjoint.
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First, we prove (6.1) in the case when n is taken only over integers divisible by k.
Informally, the main idea is that if an n-vertex graph H is a uniform blow-up of G then
δ2(f

G, fH) = 0; furthermore, by adding any edges inside the k parts of H we increase
the cut-distance by at most 1/k and thus we can afford any further α

(
n
2

)
rounding errors

without the cut-distance going over 1/k + α,
Let n ∈ N be such that m := n/k is an integer. For i ∈ N, let imod k denote the

(unique) integer in [k] congruent to i modulo k. Define

X := {x ∈ [0, 1]n : ∀i ∈ [n] xi ∈ Jimod k}

and note that λ⊕k (X ) =
(
2
l

)n
.

Let x be a random n-vector, chosen uniformly from X . Thus we put exactly m of the
coordinates xi into each interval Jj . Call a pair ij ∈

(
[n]
2

)
crossing if imod k 6= jmod k.

Clearly, there are m2
(
k
2

)
crossing pairs. Let B(x) be the set of crossing pairs ij ∈

(
[n]
2

)
such that either {imod k, jmod k} ∈ E(G) andW (xi, xj) < γ or {imod k, jmod k} ∈ E(G)

and W (xi, xj) > 1− γ. We call the pairs in B(x) x-bad and call all other crossing pairs
x-good.

Take any i1, . . . , ik ∈ [n] which are congruent modulo k to respectively 1, 2, . . . , k.
Then (xi1 , . . . , xik) is a uniform element of

∏k
i=1 Ji and by Fubini-Tonelli’s theorem, the

probability of seeing at least one x-bad pair in
({i1,...,ik}

2

)
is the probability that a uniform

element of
∏k
i=1 Ji ends in the complement of Xγ . This is at most α/2 by (6.3). Thus

the expected fraction (for uniform x ∈ X ) of x-bad pairs inside {i1, . . . , ik} is at most
α/2. Since every crossing pair participates in the same number of k-tuples in

(
[n]
k

)
with

distinct residues modulo k, if we take a uniform such k-tuple and a uniform pair ij inside
it (which is necessarily crossing), then we get a uniformly distributed crossing pair.
Moreover, we have already shown that, regardless of the chosen k-tuple, the probability
(over the random choices of ij and x) that ij is x-bad is at most α/2. Thus the expected
value of |B(x)| is at most α2 ·m2

(
k
2

)
. Let

Y :=

{
x ∈ X : |B(x)| 6 αm2

(
k

2

)}
.

By Markov’s inequality, the probability that x ∈ Y is at least 1/2.
Note that if ij ∈

(
[n]
2

)
is an x-good pair then the probability of ij being rounded

correctly (meaning that ij is an edge if and only if {imod k, jmod k} ∈ E(G)) is at least γ.
Thus if x ∈ Y then the rounding produces at least t :=

⌈
(1− α)m2

(
k
2

)⌉
correct crossing

pairs with probability at least γt. If this happens and we overlay all vertices in the i-th
part of H (namely those j ∈ [n] with jmod k = i) with the i-th vertex of G then the
L1-distance between the corresponding graphons fH and fG is at most

2

(km)2

(
k

(
m

2

)
+ αm2

(
k

2

))
<

1

k
+ α,

where the first and second terms assume the worst-case scenario that all non-crossing
and all bad pairs respectively were rounded the “wrong” way.

Thus the probability that δ2(fG, fH) 6 1
k + α for H ∼ G(n,W ) is at least the product

of the following terms:

• (2/l)n: the probability that the uniform x ∈ [0, 1]n is in X ,

• 1/2: the probability that a uniform x ∈ X hits Y (i.e., that there are at least t x-good
pairs),

• γt: the probability that some t of the x-good pairs, say the first t of them in the
lexicographic order on

(
[n]
2

)
, are rounded correctly.
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Altogether we have

log

(
R̃n,W

(
Bδ2

(
f̃G,

1

k
+ α

)))
> n log

(
2

l

)
+ log

(
1

2

)
+ t log(γ), (6.4)

which in absolute value is clearly in O(n2) ⊆ o(s(n)) as n→ ∞ (over the multiples of k),
as desired.

Consider the case of general n. Assume that n > 4k/α. Let n′ be the (unique) multiple
of k between n− k + 1 and n. Let H ′ be the subgraph of H ∼ G(n,W ) induced by [n′].
By Lemma 2.3 applied with s := n′/n we have δ2(fH , fH

′
) 6 2(n/n′ − 1) < 2k/n 6 α/2.

Clearly, the random graph H ′ is distributed as G(n′,W ). Thus

R̃n,W

(
Bδ2

(
f̃G,

1

k
+ α

))
> R̃n′,W

(
Bδ2

(
f̃G,

1

k
+
α

2

))
.

If n → ∞, then n′ → ∞ over multiples of k and the right-hand side is e−o(s(n)) by
the inequality in (6.1) for α/2, which was already established in this case, giving the
required.

This finishes the proof of Theorem 1.3.

7 Coloured graphons

The definitions and results of this section are needed in order to establish the lower
semi-continuity of the functions Jα,p and Rp that were defined in Section 1.5.

Fix k ∈ N. By a k-coloured graphon we mean a pair (W,A) where W ∈ W and
A ∈ A(k), that is, A is a partition of [0, 1] into k measurable parts. One can view
the partition A as a k-colouring of [0, 1]. Write W(k) := W × A(k) for the space of all

k-coloured graphons. We define the pseudo-metric d(k)2 (the analogue of d2) on W(k) as

d
(k)
2 ((U,A), (V,B)) := sup

C,D⊆[0,1]

∑
i,j∈[k]

∣∣∣∣∫
C×D

(1Ai×Aj
U − 1Bi×Bj

V ) dλ⊕2

∣∣∣∣+ ∑
i∈[k]

λ(Ai4Bi),

for (U,A), (V,B) ∈ W(k), where A = (A1, . . . , Ak) and B = (B1, . . . , Bk). Informally
speaking, two k-coloured graphons are close to each other in d(k) if they have similar
distributions of coloured edges across cuts, where an edge is coloured by the colours of
its endpoints. The second term is added so that e.g. we can distinguish two constant-0
graphons with different part measures.

The cut-distance for coloured graphons is then defined as

δ
(k)
2 ((U,A), (V,B)) := inf

φ,ψ
d
(k)
2 ((U,A)φ, (V,B)ψ), (7.1)

where the infimum is taken over measure-preserving maps φ, ψ : [0, 1] → [0, 1] and we
denote (U,A)φ := (Uφ,Aφ) and Aφ := (φ−1(A1), . . . , φ

−1(Ak)) with (A1, . . . , Ak) being
the parts of A. As in the graphon case (compare with e.g. [33, Theorem 8.13]), some
other definitions give the same distance (e.g. it is enough to take the identity function
for ψ). We chose this definition as it is immediately clear from it that the function δ(k)2 is
symmetric and defines a pseudo-metric. Note that we work with ordered k-partitions of
[0, 1], that is, we do not allow to permute colours when defining the cut-distance between
two coloured graphons.

We write W̃(k) for the corresponding quotient, where we identify two k-coloured
graphons at δ(k)2 -distance 0.

The following result can be proved by an obvious adaptation of the proof of Lovász
and Szegedy [34, Theorem 5.1]; its complete proof appears in the arxiv version of this
paper [26].

Theorem 7.1. The metric space (W̃(k), δ
(k)
2 ) is compact.
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8 The lower semi-continuity of Jα,p and Rp

For this section we fix an integer k > 1, a symmetric k × k matrix p = (pi,j)i,j∈[k] ∈
[0, 1]k×k and a non-zero real vector α ∈ [0,∞)k. We show that the functions Jα,p and Rp,
that were defined in (1.9) and (1.10) respectively, are lower semi-continuous functions
on (W̃, δ2).

Let Γ : W(k) → W be the map that forgets the colouring, i.e., Γ (U,A) := U for
(U,A) ∈ W(k). For i, j ∈ [k], let the map Γi,j : W(k) → W send (U, (A1, . . . , Ak)) ∈ W(k) to
the graphon V defined as

V (x, y) :=

{
U(x, y), (x, y) ∈ (Ai ×Aj) ∪ (Aj ×Ai),

pi,j , otherwise,
for x, y ∈ [0, 1].

Lemma 8.1. The maps Γ and Γi,j , for i, j ∈ [k], are 1-Lipschitz maps from (W(k), d
(k)
2 ) to

(W, d2).

Proof. First, consider Γ : W(k) → W. Take arbitrary (U,A), (V,B) ∈ W(k). Let A =

(A1, . . . , Ak) and B = (B1, . . . , Bk). Clearly, the pairwise products Ai ×Aj (resp. Bi ×Bj)
for i, j ∈ [k] partition [0, 1]2. Thus we have

d2(Γ (U,A), Γ (V,B)) = d2(U, V ) = sup
C,D⊆[0,1]

∣∣∣∣∫
C×D

(U − V ) dλ⊕2

∣∣∣∣
6 sup

C,D⊆[0,1]

∑
i,j∈[k]

∣∣∣∣∫
C×D

(U 1Ai×Aj − V 1Bi×Bj ) dλ
⊕2

∣∣∣∣
6 d

(k)
2 ((U,A), (V,B)). (8.1)

Thus the function Γ is indeed 1-Lipschitz.
The claim about Γi,j follows by observing that

d2(Γi,j(U,A), Γi,j(V,B)) 6 d2(Γ (U,A), Γ (V,B))

for every (U,A), (V,B) ∈ W(k).

Lemma 8.2. Let F be Γ or Γi,j for some i, j ∈ [k]. Then F gives rise to a well-defined

function W̃(k) → W̃ which, moreover, is 1-Lipschitz as a function from (W̃(k), δ
(k)
2 )

to (W̃, δ2).

Proof. Take any (U,A), (V,B) ∈ W(k). Let ε > 0 be arbitrary. Fix measure-preserving

maps φ, ψ : [0, 1] → [0, 1]with d(k)2 ((U,A)ψ, (V,B)φ) < δ
(k)
2 ((U,A), (V,B))+ε. By Lemma 8.1,

we have

δ2 (F (U,A), F (V,B)) 6 d2
(
(F (U,A))ψ, (F (V,B))φ

)
= d2

(
F (Uψ,Aψ), F (V φ,Bφ)

)
6 d

(k)
2 ((Uψ,Aψ), (V φ,Bφ)) < δ

(k)
2 ((U,A), (V,B)) + ε.

This implies both claims about F as ε > 0 was arbitrary.

For (U, (A1, . . . , Ak)) ∈ W(k), define

I(k)p (U, (A1, . . . , Ak)) :=
1

2

∑
i,j∈[k]

∫
Ai×Aj

Ipi,j (U) dλ⊕2. (8.2)

In the special case of (8.2) when k = 1 and p1,1 = p (and we ignore the second
component since A(1) consists of just the trivial partition of [0, 1] into one part), we get
the function Ip : W → [0,∞] of Chatterjee and Varadhan defined in (1.5).
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Lemma 8.3. The function I(k)p gives a well-defined function W̃(k) → [0,∞] which, more-

over, is lower semi-continuous as a function on (W̃(k), δ
(k)
2 ).

Proof. Note that we can write

I(k)p (U,A) =
∑

16i6j6k

Ipi,j (Γi,j(U,A)), (U,A) ∈ W(k), (8.3)

because Γi,j(U,A) assumes value pi,j outside of (Ai ×Aj) ∪ (Aj ×Ai) while Ip(p) = 0 for

any p ∈ [0, 1]. Recall that, by Theorem 1.2, Ip gives a well-defined function W̃ → [0,∞]

for every p ∈ [0, 1]. Thus, by Lemma 8.2, the right-hand side of (8.3) does not change if

we replace (U,A) by any other element of W(k) at δ(k)2 -distance 0. We conclude that I(k)p

gives a well-defined function on W̃(k).
Each composition Ip ◦ Γi,j is lsc as a function (W̃(k), δ

(k)
2 ) → [0,∞] because, for every

r ∈ R, the level set {Ip◦Γij 6 r} is closed as the pre-image under the continuous function

Γi,j : W̃(k) → W̃ of the closed set {Ip 6 r}. (Recall that the function Ip : W̃ → [0,∞]

is lsc by Theorem 1.2.) Thus I(k)p : W̃(k) → [0,∞] is lsc by (8.3), as a finite sum of lsc
functions.

Now we are ready to show that the functions Jα,p and Rp are lsc (thus proving
Theorem 1.6 and the first part of Theorem 1.4). The argument showing the lower
semi-continuity of these functions is motivated by the proof of the Contraction Principle.

Theorem 8.4. For every symmetric matrix p ∈ [0, 1]k×k and every non-zero real vector
α ∈ [0,∞)k, the functions Jα,p and Rp are lower semi-continuous on (W̃, δ2).

Proof. Note that Jα,p(Ũ) for any U ∈ W is equal to the infimum of I(k)p (V,A) over all

(V,A) ∈ W×A(α) such that Γ (V,A) = V belongs to Ũ . Indeed, for any partition A ∈ A(α)

of [0, 1], one can find a measure-preserving Borel bijection φ of [0, 1] such that Aφ is equal

a.e. to (I
(α)
1 , . . . , I

(α)
k ).

In the rest of the proof, let us view Γ and I(k)p as functions on W̃(k) (by Lemmas 8.2
and 8.3). Thus we have

Jα,p(Ũ) = inf
Γ−1(Ũ)∩W̃(α)

I(k)p , for each U ∈ W, (8.4)

where W̃(α) ⊆ W̃(k) denotes the set of all δ(k)2 -equivalence classes that intersectW×A(α)

(equivalently, lie entirely inside W ×A(α)).
Take any graphon U ∈ W. The pre-image Γ−1(Ũ) is a closed subset of W̃(k) by the

continuity of Γ (Lemma 8.2). Also, W̃(α) is a closed subset of W̃(k): if (V, (B1, . . . , Bk)) ∈
W(k) is not in W ×A(α), then the δ(k)2 -ball of radius e.g.

1

2

∥∥∥∥ (λ(Bi))i∈[k] −
1

‖α‖1
α

∥∥∥∥
1

> 0

around it is disjoint fromW×A(α). Recall that the space W̃(k) is compact by Theorem 7.1.
Thus the infimum in (8.4) is taken over a (non-empty) compact set. As any lsc function
attains its infimum on any non-empty compact set and I

(k)
p : W̃(k) → [0,∞] is lsc by

Lemma 8.3, there is (V,A) ∈ W × A(α) such that V ∈ Ũ and I
(k)
p ((̃V,A)) = Jα,p(Ũ),

where (̃V,A) denotes the δ(k)2 -equivalence class of (V,A).

Thus for any r ∈ R the level set {Jα,p 6 r} is equal to the image of {I(k)p 6 r} ∩ W̃(α)

under Γ . Since the function I(k)p is lsc by Lemma 8.3, the level set {I(k)p 6 r} is a closed

and thus compact subset of W̃(k). Thus the set {I(k)p 6 r} ∩ W̃(α) is compact. Its image
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{Jα,p 6 r} under the continuous map Γ : W̃(k) → W̃ is compact and thus closed. Since

r ∈ R was arbitrary, the function Jα,p : W̃ → [0,∞] is lsc.

Since Rp(Ũ) is equal to the infimum of I(k)p over Γ−1(Ũ), the same argument (except

we do not need to intersect Γ−1(Ũ) with W̃(α) anywhere) also works for Rp.

9 Proof of Theorem 1.7

Before we can prove Theorem 1.7, we need to give two auxiliary lemmas. The first
one states, informally speaking, that the measure P̃a,p is “uniformly continuous” in a.

Lemma 9.1. For every symmetric matrix p ∈ [0, 1]k×k, real ε ∈ (0, 1) and non-zero integer
vectors a, b ∈ Nk

>0, if

‖b− a‖1 6 ε min { ‖a‖1, ‖b‖1 }

then there is a (discrete) measure C̃ on W̃ × W̃ which gives a coupling between P̃a,p

and P̃b,p such that for every (Ũ , Ṽ ) in the support of C̃ we have δ2(U, V ) 6 4ε/(1− ε).

Proof. Let m := ‖a‖1 and n := ‖b‖1. Let [m] = A1 ∪ · · · ∪ Ak (resp. [n] = B1 ∪ · · · ∪ Bk)
be the partition into consecutive intervals with a1, . . . , ak (resp. b1, . . . , bk) elements. For
each i ∈ [k] fix some subsets A′

i ⊆ Ai and B′
i ⊆ Bi of size min(ai, bi). Define A′ := ∪ki=1A

′
i

and B′ := ∪ki=1B
′
i. Fix any bijection h : A′ → B′ that sends each A′

i to B
′
i. We have

| [m] \A′ | 6
k∑
i=1

max(0, ai − bi) 6 ‖a− b‖1 6 εm (9.1)

and similarly | [n] \B′ | 6 εn.
We can couple random graphs G ∼ G(a,p) and H ∼ G(b,p) so that every pair {x, y}

in A′ is an edge in G if and only if {h(x), h(y)} is an edge in H. This is possible because,
with i, j ∈ [k] satisfying (x, y) ∈ A′

i ×A′
j , the probability of {x, y} ∈ E(G) is pi,j , the same

as the probability with which h(x) ∈ Bi and h(y) ∈ Bj are made adjacent in H (so we
can just use the same coin flip for both pairs). By making all edge choices to be mutually
independent otherwise, we get a probability measure C on pairs of graphs which is a
coupling between G(a,p) and G(b,p). The corresponding measure C̃ on W̃ × W̃ gives a
coupling between P̃a,p and P̃b,p.

Let us show that this coupling C̃ satisfies the distance requirement of the lemma.
Take any pair of graphs (G,H) in the support of C. Let G′ := G[A′] be obtained from G

by removing all vertices in [m] \A′. We remove at most ε fraction of vertices by (9.1). By
relabelling the vertices of G, we can assume that all removed vertices come at the very
end. Then the union of the intervals in the graphon fG corresponding to the vertices of G′

is an initial segment of [0, 1] of length s := |A′|/m > 1−ε and the graphon of G′ is the pull-
back of fG under the map x 7→ sx. By Lemma 2.3, we have δ2(fG, fG

′
) 6 2( 1

1−ε−1) = 2ε
1−ε .

By symmetry, the same estimate applies to the pair (H,H ′), where H ′ is obtained from
H by deleting all vertices from [n] \ B′. By the definition of our coupling, the function
h : V (G′) → V (H ′) is (deterministically) an isomorphism between G′ and H ′. Thus the
graphons of G′ and H ′ are weakly isomorphic. This gives by the Triangle Inequality the

required upper bound on the cut-distance between f̃G and f̃H .

The function Jα,p(Ṽ ) is not in general continuous in α even when p and Ṽ are fixed.
(For example, if k = 2, V = 1 − fK2 is the limit of Kn t Kn, the disjoint union of two
cliques of order n each, and p is the identity 2× 2 matrix then Jα,p(Ṽ ) is 0 for α = ( 12 ,

1
2 )

and ∞ otherwise.) However, the following version of “uniform semi-continuity” in α will
suffice for our purposes.
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Lemma 9.2. Fix any symmetric p ∈ [0, 1]k×k. Then for every η > 0 there is ε = ε(η,p) > 0

such that if vectors γ,κ ∈ [0,∞)k with ‖γ‖1 = ‖κ‖1 = 1 satisfy

κi 6 (1 + ε)γi, for every i ∈ [k], (9.2)

then for every U ∈ W there is V ∈ W with δ2(U, V ) 6 η and

Jκ,p(Ṽ ) 6 Jγ,p(Ũ) + η.

Proof. For every fixed p ∈ (0, 1), the relative entropy function hp : [0, 1] → [0,∞] is
bounded (in fact, by max{hp(0), hp(1)} < ∞). Thus we can find a constant C ∈ (0,∞)

that depends on p only such that for every x ∈ [0, 1] and i, j ∈ [k], hpi,j (x) is either ∞ or
at most C.

Let us show that any positive ε 6 min{ η
3(2C+η) ,

η
2 } works. Let γ, κ, and U be as in

the lemma. Assume that Jγ,p(Ũ) <∞ for otherwise we can trivially take V := U . By the

choice of C, we have that Jγ,p(Ũ) 6 C.
By replacing U ∈ W with a weakly isomorphic graphon, assume that, for the partition

(I
(γ)
i )i∈[k] of [0, 1] into intervals, we have

1

2

∑
i,j∈[k]

∫
I
(γ)
i ×I(γ)

j

Ipi,j (U) dλ⊕2 < Jγ,p(Ũ) +
η

2
.

Let φ : [0, 1] → [0, 1] be the a.e. defined function which on each interval I(κ)
i of positive

length is the increasing linear function that bijectively maps this interval onto I
(γ)
i .

The Radon-Nikodym derivative D := dµ
dλ of the push-forward µ := φ∗λ of the Lebesgue

measure λ along φ assumes value κi/γi a.e. on I
(γ)
i . (The union of I(γ)i with γi = 0 is

a countable and thus null set, and can be ignored from the point of view of D.) Let
V := Uφ. It is a graphon by the first part of Lemma 2.2. We have by the definition of Jκ,p
that

Jκ,p(Ṽ ) 6
1

2

∑
i,j∈[k]

∫
I
(κ)
i ×I(κ)

j

Ipi,j (U
φ) dλ⊕2 =

1

2

∑
i,j∈[k]

κiκj
γiγj

∫
I
(γ)
i ×I(γ)

j

Ipi,j (U) dλ⊕2.

By κiκj

γiγj
6 (1 + ε)2 6 1 + 3ε, this is at most

(1 + 3ε)
1

2

∑
i,j∈[k]

∫
I
(γ)
i ×I(γ)

j

Ipi,j (U) dλ⊕2 6 (1 + 3ε)
(
Jγ,p(Ũ) +

η

2

)
.

By Jγ,p(Ũ) 6 C and our choice of ε, this in turn is at most

Jγ,p(Ũ) + 3εC + (1 + 3ε)
η

2
6 Jγ,p(Ũ) + η.

Thus it remains to estimate the cut-distance between U and V = Uφ. Since the
Radon-Nikodym derivative D = dφ∗λ

dλ satisfies D(x) 6 1 + ε for a.e. x ∈ [0, 1] by (9.2), we
have by Lemma 2.2 that δ2(U, V ) 6 2ε 6 η. Thus V is as desired.

Also, we will need the following characterisation of an LDP for compact metric spaces
that involves only the measures of shrinking balls. Its proof can be found in e.g. [42,
Lemma 2.3].

Lemma 9.3. Let (X, d) be a compact metric space, s : N→ (0,∞) satisfy s(n) → ∞, and
I : X → [0,∞] be a lower semi-continuous function on (X, d). Then a sequence of Borel
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probability measures (µn)n∈N on (X, d) satisfies an LDP with speed s and rate function I
if and only if

lim
η→0

lim inf
n→∞

1

s(n)
log

(
µn

(
Bd(x, η)

))
> −I(x), for every x ∈ X, (9.3)

lim
η→0

lim sup
n→∞

1

s(n)
log

(
µn

(
Bd(x, η)

))
6 −I(x), for every x ∈ X. (9.4)

In fact, under the assumptions of Lemma 9.3, the bounds (1.1) and (9.3) (resp. (1.2)
and (9.4)) are equivalent to each other. So we will also refer to (9.3) and (9.4) as the
(LDP) lower bound and the (LDP) upper bound respectively.

Now we are ready to prove Theorem 1.7.

Proof of Theorem 1.7. Recall that we have to establish an LDP for the sequence
(P̃an,p)n∈N of measures, where the integer vectors an, after scaling by 1/n, converge

to a non-zero vector α ∈ [0,∞)k. Since the underlying metric space (W̃, δ2) is compact
and the proposed rate function Jα,p is lsc by Theorem 1.6 (which is a part of the already
established Theorem 8.4), it suffices to prove the bounds in (9.3) and (9.4) of Lemma 9.3
for any given graphon Ũ ∈ W̃.

Let us show the upper bound first; that is, that

lim
η→0

lim sup
n→∞

1

(‖an‖1)2
log P̃an,p(Bδ2(Ũ , η)) 6 −Jα,p(Ũ). (9.5)

Recall that Bδ2(Ũ , η) := {Ṽ : δ2(U, V ) 6 η)} denotes the closed ball of radius η around Ũ
in (W̃, δ2).

Take any η > 0. Assume that, for example, η < 1/9. Fix a sufficiently large integer m.
Define

b := (am,11α1>0, . . . , am,k1αk>0) ∈ Nk
>0. (9.6)

In other words, we let b to be am except we set its i-th entry bi to be 0 for each i ∈ [k]

with αi = 0. By Theorem 1.5 (the LDP by Borgs et al [5]) and Theorem 1.6, we have that

lim sup
n→∞

1

(n ‖b‖1)2
log P̃nb,p(Bδ2(Ũ , η)) 6 − inf

Bδ2 (Ũ,η)
Jb,p. (9.7)

Since m is sufficiently large, we can assume that ‖ 1
n an − α‖1 6 ξ ‖α‖1 for every

n > m, where e.g. ξ := η/40. In particular, we have ‖am − b‖1 6 ‖am −mα‖1 6 ξm‖α‖1
from which it follows that

‖b−mα‖1 6 ‖b− am‖1 + ‖am −mα‖1 6 2ξm ‖α‖1.

Let n be sufficiently large (in particular, n > m) and let n′ := bn/mc. By above, we have

‖n′b− an‖1 6 ‖b‖1 + ‖ nmb− nα‖1 + ‖nα− an‖1
6 ‖b‖1 + 3ξn‖α‖1
6 ‖b‖1 + 4ξmin{ ‖ nmb‖1, ‖an‖1 }
6 η

9 min{ ‖n′b‖1, ‖an‖1 }. (9.8)

For example, the last inequality follows since each of (η9 n
′ − 4ξ nm )‖b‖1 and (η9 − 4ξ)‖an‖1

grows with n (by η/9 > 4ξ) and thus is eventually larger than the constant quantity ‖b‖1.
By (9.8) and Lemma 9.1, there is a coupling C̃ between P̃n′b,p and P̃an,p such that

for every (Ṽ , W̃ ) in the support of C̃ we have δ2(V,W ) 6 η/2. Thus, if W̃ ∼ P̃an,p lands

in Bδ2(Ũ , η/2) then necessarily Ṽ ∼ P̃n′b,p lands in Bδ2(Ũ , η). This gives that

P̃an,p(Bδ2(Ũ , η/2)) 6 P̃n′b,p(Bδ2(Ũ , η)).
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Since this is true for every sufficiently large n and it holds by (9.8) that, for example,
‖an‖1/(n′ ‖b‖1) 6 1 + η/9 6

√
1 + η, we have that

lim sup
n→∞

1 + η

(‖an‖1)2
log P̃an,p(Bδ2(Ũ , η/2)) 6 lim sup

n′→∞

1

(n′ ‖b‖1)2
log P̃n′b,p(Bδ2(Ũ , η)). (9.9)

(Note that the logarithms assume non-positive values so the inequality for norms is now
reversed.)

Let us turn our attention to the right-hand side of (9.7). Pick some Ṽ ∈ Bδ2(Ũ , η)

with Jb,p(Ṽ ) 6 infBδ2 (Ũ,η) Jb,p + η. (In fact, by the lower semi-continuity of Jb,p and the

compactness of Bδ2(Ũ , η), we could have required that Jb,p(Ṽ ) = infBδ2 (Ũ,η) Jb,p.) Since

an/‖an‖1 converges to α/‖α‖1 as n → ∞ and we chose m to be sufficiently large, we
can assume that bi = 0 if and only if αi = 0 and that Lemma 9.2 applies for γ := b/‖b‖1
and κ := α/‖α‖1 (and our η). The lemma gives that there is W̃ ∈ Bδ2(Ṽ , η) such that
Jα,p(W̃ )− η 6 Jb,p(Ṽ ). Thus we get the following upper bound on the right-hand side
of (9.7):

− inf
Bδ2 (Ũ,η)

Jb,p 6 −Jb,p(Ṽ ) + η 6 −Jα,p(W̃ ) + 2η 6 − inf
Bδ2 (Ũ,2η)

Jα,p + 2η. (9.10)

By putting (9.7), (9.9) and (9.10) together we get that, for every η ∈ (0, 1/9),

lim sup
n→∞

1 + η

(‖an‖1)2
log P̃an,p(Bδ2(Ũ , η/2)) 6 − inf

Bδ2 (Ũ,2η)
Jα,p + 2η.

If we take here the limit as η → 0 then the infimum in the right-hand side converges
to Jα,p(Ũ) by the lower semi-continuity of Jα,p (established in Theorem 1.6), giving the
claimed upper bound (9.5).

Let us turn to the lower bound, i.e. we prove (9.3) for Ũ ∈ W̃. As before, take any
sufficiently small η > 0, then fix sufficiently large m ∈ N and define b by (9.6). By
Theorems 1.5 and 1.6 applied to the open ball around Ũ of radius 2η, we have

lim inf
n→∞

1

(n ‖b‖1)2
log P̃nb,p(Bδ2(Ũ , 2η)) > − inf

Bδ2 (Ũ,η)
Jb,p. (9.11)

Similarly as for the upper bound, the left-hand side can be upper bounded via Lemma 9.2
by, for example,

lim inf
n→∞

1− η

(‖an‖1)2
log P̃an,p(Bδ2(Ũ , 3η)). (9.12)

Since m is sufficiently large, we can apply Lemma 9.2 to κ := b/‖b‖1, γ := α/‖α‖1,
the given graphon U and our chosen η > 0 to find Ṽ ∈ Bδ2(Ũ , η) such that Jb,p(Ṽ ) 6
Jα,p(Ũ) + η. Thus

− inf
Bδ2 (Ũ,η)

Jb,p > −Jb,p(Ṽ ) > −Jα,p(Ũ)− η.

By (9.11), this is a lower bound on the expression in (9.12). Taking the limit as η → 0 we
get the required LDP lower bound (9.3). This finishes the proof of Theorem 1.7.

10 Proof of Theorem 1.4

Proof of Theorem 1.4. Recall that W is a k-step graphon with non-null parts whose
values are encoded by a symmetric k×k matrix p ∈ [0, 1]k×k. We consider theW -random
graph G(n,W ) where we first sample n independent uniform points x1, . . . , xn ∈ [0, 1]

and then make each pair {i, j} ⊆ [n] an edge with probability W (xi, xj). We have to

prove an LDP for the corresponding sequence (R̃n,W )n∈N of measures on the metric

EJP 31 (2026), paper 59.
Page 32/37

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1512
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Large deviation principles for graphon sampling

space (W̃, δ2) with speed s(n) = (c + o(1))n2. Of course, it is enough to do the case
s(n) = n2 as this affects only the scaling factors. Then the claimed rate function is Rp,
which was defined in (1.10). Recall that the lower semi-continuity of Rp was established
in Theorem 8.4.

Let us show the LDP lower bound. Since the underlying space (W̃, δ2) is compact, it
is enough to prove the bound in (9.3) of Lemma 9.3 for any given Ũ ∈ W̃, that is, that

lim
η→0

lim inf
n→∞

1

n2
log R̃n,W (Bδ2(Ũ , η)) > −Rp(Ũ). (10.1)

Take any ε > 0. By the definition of Rp, we can fix a vector α = (α1, . . . , αk) ∈ [0, 1]k such
that ‖α‖1 = 1 and

Rp(Ũ) > Jα,p(Ũ)− ε.

Let m be the number of non-zero entries of α. As α is non-zero, we have m > 1.
We can assume by symmetry that α1, . . . , αm are the non-zero entries. Define ξ :=
1
2 mini∈[m] αi > 0.

For each n ∈ N, take any integer vector an = (an,1, . . . , an,k) ∈ Nk
>0 such that

‖an‖1 = n and ‖an − nα‖∞ < 1 (in particular, we have an,i = 0 if αi = 0).
Let n be sufficiently large so that, in particular, for every i ∈ [m] we have that

an,i/n > ξ. When we generate G ∼ G(n,W ) by choosing first random x1, . . . , xn ∈ [0, 1],
it holds with probability at least, very roughly, ξ−n that for each i ∈ [k] the number of
xj ’s that belong to the i-th part of the step graphonW is exactly an,i. Conditioned on this

event of positive measure, the resulting graphon f̃G is distributed according to P̃an,p.
Thus

R̃n,W (S) > ξ−n P̃an,p(S), for every S ⊆ W̃.

This and Theorem 1.7 give that, for every η > 0,

lim sup
n→∞

1

n2
log R̃n,W (Bδ2(Ũ , η)) > lim sup

n→∞

1

n2
log P̃an,p(Bδ2(Ũ , η))

> − inf
Bδ2 (Ũ,η/2)

Jα,p > −Jα,p(Ũ) > −Rp(Ũ)− ε.

Taking the limit as η → 0, we conclude that the LDP lower bound (10.1) holds within
additive error ε. As ε > 0 was arbitrary, the lower bound holds.

Let us show the upper bound (1.2) of Definition 1.1 for any closed set F ⊆ W̃, that is,
that

lim sup
n→∞

1

n2
log R̃n,W (F ) 6 − inf

F
Rp. (10.2)

For each n ∈ N, we can write R̃n,W (F ) as the sum over all a ∈ Nk
>0 with ‖a‖1 = n of

the probability that the distribution of random independent x1, . . . , xn ∈ [0, 1] per k steps
ofW is given by the vector a times the probability conditioned on a to hit the set F . This
conditional probability is exactly P̃a,p(F ). Thus R̃n,W (F ) is a convex combination of the

reals P̃a,p(F ) and there is a vector an ∈ Nk
>0 with ‖an‖1 = n such that

R̃n,W (F ) 6 P̃an,p(F ). (10.3)

Fix one such vector an for each n ∈ N.
Since the set of all real vectors α ∈ [0, 1]k with ‖α‖1 = 1 is compact, we can find an

increasing sequence (ni)i∈N of integers such that

lim sup
n→∞

1

n2
log R̃n,W (F ) = lim

i→∞

1

n2i
log R̃ni,W (F ), (10.4)
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and the scaled vectors 1
ni

ani
converge to some real vector α ∈ [0, 1]k.

Let (bn)n∈N be obtained by filling the gaps in (ani
)n∈N, meaning that if n = ni

for some i ∈ N then we let bn := ani
; otherwise we pick any bn ∈ Nk

>0 that satisfies
‖bn‖1 = n and ‖bn − nα‖∞ < 1. Since the normalised vectors bn/‖bn‖1 converge to the
same limiting vector α, we have by Theorem 1.7 that

lim sup
i→∞

1

n2i
log P̃ani

,p(F ) 6 lim sup
n→∞

1

n2
log P̃bn,p(F ) 6 − inf

F
Jα,p. (10.5)

Putting (10.3), (10.4) and (10.5) together with the trivial consequence Jα,p > Rp of
the definition of Rp, we get the desired upper bound (10.2). This finishes the proof of
Theorem 1.4.

11 Concluding remarks

The existence of an LDP for (R̃n,W )n∈N in the case case of a general graphon W

and speed Θ(n2) is the key remaining open problem. We remark that it is not hard to
show that any potential rate function for speed s(n) = Θ(n2) has to be zero on RN(W ).
On the other hand, there are graphons W such that RN(W ) = W̃: for example, take
a countable set of graphons {Wi : i ∈ N} dense in (W̃, δ2) and let W be zero except it
has a scaled copy of Wi on each square [2−i, 2−i+1]2. It is easy to see that the LDP for
(R̃n,W )n∈N and speed n2 must have the rate function identically 0. It is plausible that by
taking different sets of the graphonsWi in the above example, one can get rate functions
with rather complicated zero sets.

Our results fully resolve the LDP problem for (R̃n,W )n∈N for every graphon W with
RN(W ) = FORB(W ), with the statements precisely mirrowing those of Theorem 4.1.
Indeed, all claimed results on the existence of an LDP follow from Theorem 1.3: for
example, if s(n) = ω(n) then the rate function is χRN(W ) = χFORB(W ) with the LDP
lower (resp. upper) bound following from Part (c) (resp. Part (d)) of Theorem 1.3. Also,
the proof of Part (e) of Theorem 4.1 (the non-existence of an LDP) relies only on the
already established LDPs and the fact that the corresponding rate functions are distinct
from each other, and thus the same proof works in this case as well.

However, it is unclear for which graphons W it holds that RN(W ) = FORB(W ).
By the uniqueness of the rate function, Theorems 1.3 and 4.1 imply that RN(W ) =

FORB(W ) for any {0, 1}-valued graphon. On the other hand, the constant-p graphon
W for p ∈ (0, 1) is extreme in the sense that RN(W ) is the singleton {W̃} while
FORB(W ) = W̃ is the whole space. The earlier example of a graphon W with count-
ably many “blocks” such that RN(W ) = W̃ (when FORB(W ) ⊇ RN(W ) is also the
whole of W̃) shows that we can have equality for graphons assuming values in (0, 1)

on a set of positive measure. We do not see any good characterisation of W with
RN(W ) = FORB(W ).

We did not include any non-existence statements in Theorem 1.3, since we are rather
far from understanding the full picture. Of course, if s(n) = o(n2) then, by the exponential
equivalence, the non-existence statements of Theorem 4.1 translate verbatim into those
for (R̃n,W )n∈N. Also, further non-existence results can be obtained in those cases when
there are two subsequences of n for which we have LDPs (e.g. by Theorems 1.3) with
different rate functions. However, the lack of general positive results for s(n) = Θ(n2)

prevents us from completing the picture.

A Functional analysis

In this appendix we collect some results that we need in this paper.
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Let µ be a probability measure on a measurable space X. Recall that a collection
F ⊆ L1(X,µ) is uniformly integrable if

lim
C→∞

sup
f∈F

∫
{|f |>C}

|f | dµ = 0.

(Since µ(X) <∞, some other equivalent definitions are possible, see e.g., [4, Proposition
4.5.3].) We use the following results whose (more general) statements can be found in
e.g. [4] (as Theorems 4.7.18, 4.5.9 and 4.7.10 respectively).

Theorem A.1 (Dunford–Pettis). A collection F ⊆ L1(X,µ) is uniformly integrable if and
only if its weak closure is compact in the weak topology.

Theorem A.2 (De la Vallée-Poussin). A collection F ⊆ L1(X,µ) is uniformly integrable if
and only if there is non-negative non-decreasing convex function G : R→ R such that
limt→∞

G(t)
t = ∞ and

sup
f∈F

∫
X

G(|f |) dµ <∞.

Theorem A.3 (Eberlein–Šmulian). Let A ⊆ L1(X,µ) be closed in the weak topology. Then
A is compact in the weak topology if and only if every sequence contains a subsequence
that converges in the weak topology.

The following result is an easy consequence of the Hahn-Banach Theorem, for a proof
see e.g. [23, Page 6]

Theorem A.4 (Mazur’s lemma). A convex subset of a normed space is weakly closed if
and only if it is closed.
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