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1. Introduction

Spectral methods play an important role in combinatorics and particularly in graph theory [8]. It
is well known that the trace of the £-th power of the adjacency matrix of an (undirected or directed)
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graph G is equal to the number of closed walks of length £ in G. Consequently, the number of closed
walks of length ¢ is equal to the sum of the £-th powers of the eigenvalues of G, i.e., the eigenvalues
of its adjacency matrix.

The theory of combinatorial limits provides analytic tools to represent and to study large
combinatorial objects. In the setting of undirected graphs, a large graph is represented by an analytic
object called a graphon, which is a symmetric measurable function W : [0, 1> — [0, 1]. In this
setting, we speak of a density of a graph G in W, which means the (limit) density of G in large
graphs represented by W; we refer to Section 2 for further details and to the monograph [14]
for a comprehensive treatment of the matter. The spectrum of W viewed as a Hilbert-Schmidt
integral operator is either finite or countably infinite and the sum of the ¢-th powers of the
non-zero eigenvalues of W (counting their geometric multiplicities) is equal [5, Section 6] to the
density of cycles of length ¢ in the graphon W, see also [14, Section 7.5]. The proofs from [5,14] of
this equality fundamentally exploit the fact that W is a self-adjoint operator. This equality between
the density of cycles and the sum of the £-th powers of non-zero eigenvalues of a graphon implies
that the normalized spectra of any sequence of graphs G converging to a graphon W converge to
the spectrum of W [5, Section 6], see also [14, Section 11.6].

In this short paper, we consider the asymmetric setting of directed graphs where the methods
used in the symmetric setting of undirected graphs fail to work because the associated operators
need not be self-adjoint. The motivation for considering this setting comes from applications in
extremal combinatorics. In the setting of tournament limits, which have been initially studied in
[6,20,22], spectral properties of large tournaments were studied in relation to maximizing the den-
sity of directed cycles in [9,18]. It can be shown [9] that the normalized spectra of any convergent
sequence of tournaments converge, however, the link between the limit of the normalized spectra
and the spectrum of the limit object (tournamenton) has been missing. We employ methods from
functional analysis to establish this link (Theorem 5 in Section 3), and we then use this link to
show that the sum of the ¢-th powers of the non-zero eigenvalues of a digraphon W (counting
their algebraic multiplicities) is equal to the density of directed cycles of length ¢ in the digraphon
W (Theorem 7 in Section 4). If proven earlier, the latter would make the spectral arguments used
in [9,18] more straightforward, see also [10, Section 1] for the discussion of this matter, as it would
be possible to work directly with the spectrum of the limit tournamenton rather than the limit of
the multisets representing the spectra of tournaments.

2. Preliminaries

In this section, we briefly overview the notation used throughout the paper and review basic
properties of digraph limits. We start with some general notation. The set of the first k positive
integers is denoted by [k]. If X is a set of complex numbers and z is a complex number, then zX is
the set {zx : x € X} and, if z is non-zero, X/z is the set {x/z : x € X}. If x € C and ¢ is a positive
real, we write B(A) for the open e-neighborhood of A. We say that a sequence (X )nen Of subsets
of a metric space converges to a set X in the Hausdorff sense if for every ¢ > 0, there exists ny such
that the following holds for every n > ng:

o for every x € X, there exists x' € X at distance at most ¢ from x, and
o for every x € X, there exists X' € X;, at distance at most ¢ from x.

We remark that the limit set X is not unique unless X is required to be closed.

Directed graphs, digraphs for short, that are considered throughout this paper contain neither
parallel edges (directed either way) nor loops unless stated otherwise. A particular digraph is the
cyclically oriented cycle of length ¢, which is denoted by C,. If G is a digraph, then |G| denotes the
number of vertices of G, and V(G) and E(G) the vertex set and the edge set of G, respectively. The
adjacency matrix Ag of G is a |G| x |G| square matrix with rows and columns labeled by the vertices
of G; the entry of A in the row labeled by a vertex u and in the column labeled by a vertex v is
equal to 1 if and only if G contains an edge directed from u to v. The spectrum of a digraph G is
the spectrum of its adjacency matrix Ag and is denoted by Sp(G); we write mg()) for the algebraic
multiplicity of the eigenvalue A € Sp(G). The normalized spectrum of G is Sp(G)/|G]|.
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The subgraph density of a digraph H in a digraph G, which is denoted by d(H, G), is the probability
that |H| randomly chosen vertices of G induce a subgraph isomorphic to H; if |H| > |G|, we set
d(H, G) to 0. A sequence (Gp)nen Of digraphs is convergent if |G,| tends to infinity and the sequence
d(H, G,) converges for every H. In Section 4, we will need the notion of the homomorphism
density defined as follows: the homomorphism density of a digraph H in a digraph G, which is
denoted by t(H, G), is the probability that a uniformly chosen random mapping f from V(H) to
V(G) is a homomorphism, i.e., f(u)f(v) € E(G) whenever uv € E(H). It is easy to show, see e.g.
[14, Section 5.2.3], that a sequence (G;,)nen Of digraphs is convergent if and only if |G,| tends to
infinity and t(H, G,) converges for every digraph H. Observe (recall that C, is the cyclically oriented
cycle of length ¢) that

HCe, GG =TrAG = > me(A)".
AeSp(G)

Convergent sequences of digraphs can be represented by an analytic object, which is analogous
to graphons in the setting of graphs studied in [2-5,15,17]. We remark that limits of tournaments
were used earlier in [6,20,22], see also [7,16] for related concepts. A kernel is a bounded measurable
function W : [0, 1]> — R and a digraphon is a non-negative kernel W such that W(x, y) + W(y, x)
<1 for all (x,y) € [0, 1]%.

If W is a digraphon, then the n-vertex W-random digraph is obtained as follows: choose x4, . .., X,
uniformly in [0, 1] and include an edge directed from the ith vertex to the jth vertex with probability
W(x;, x;), an edge directed from the jth vertex to the ith vertex with probability W(x;, x;), and no
edge between the ith vertex and the jth vertex with probability 1 — W(x;, x;) — W(x;, x;), with all
choices being mutually independent. The subgraph density of a digraph H in a digraphon W, which
is denoted by d(H, W), is the probability that a |H|-vertex W-random digraph is isomorphic to H.
In particular, it holds that

G /
dH,W)= W(xy, x,) 1—Wi(xy, x,) — W(xy, xy)) dXv(n),
( ~ AutH)| Jig e ul;!H “ uvl;([m( us Xo) (%v, X)) dxyn)
vugE(H)

where Aut(H) is the automorphism group of H. The definition of the homomorphism density extends
to digraphons as follows:

t(H, W)=/ [T W x) dxv,. (1)
[0.1]

(H) uveE(H)

If (Gp)nen iS a convergent sequence of digraphs, we say that W is a limit of (G,),en if d(H, Gy)
converges to d(H, W) for every digraph H. It is easy to show that if a sequence (Gp)nen Of digraphs
is convergent, then W is a limit digraphon of the sequence (G, )nen if and only if t(H, W) is the limit
of t(H, G,) for every digraph H. The same argument as in the case of (undirected) graphs, e.g. as in
[15, Theorem 2.2], yields that there exists a limit digraphon for every convergent sequence of
digraphs. In the other direction, a sequence of W-random digraphs with increasing number of
vertices is convergent and W is its limit with probability one.

Two digraphons W, and W, are weakly isomorphic if d(H, W;) = d(H, W,) for every digraph H,
i.e.,, W; and W, are limits of the same set of convergent sequences of digraphs. If W is a digraphon
and ¢ : [0, 1] — [0, 1] is a measure preserving map (unless stated otherwise, we always consider
the Lebesgue measure), then W¥ is the digraphon defined as W¥(x, y) = W(@(x), ¢(y)); note that
the digraphons W and W¥¢ are weakly isomorphic. It can be shown as in the case of (undirected)
graphs [2, Theorem 2.1] that if W; and W, are weakly isomorphic digraphons, then there exist
measure preserving maps ¢ and ¥ such that W;" and WZ‘” are equal almost everywhere.

A digraphon W is a k-step digraphon if there exists a partition of [0, 1] into k measurable sets
J1, ..., Jx such that W is constant on J; x J; for all i, j € [k]. If G is a k-vertex digraph, we can associate
with G a k-step digraphon W such that each set J;, i € [k], is an interval of length 1/k and the value
of W on J; x Jj is equal to the entry of the adjacency matrix A¢ in the ith row and the jth column.
We define the cut norm of a kernel W as

/ g(x)W(x, y)h(y) dx dy|,
[0,1]2

3

[Wilo= sup
8.1:00,11-[0,1]
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where the supremum is taken over measurable functions g, h : [0, 1] — [0, 1]. Equivalently, the
cut norm can be defined using the supremum over characteristic functions only, i.e., measurable
functions g, h : [0, 1] — {0, 1}; it is easy to check that these two definitions are equivalent, see
e.g. [14, Lemma 8.10] for the analogous argument in the case of symmetric kernels. We remark that
IW|lo = 0 if and only if W is equal to 0 almost everywhere. This defines the cut metric on the space
of digraphons by setting do(W,, W5) = ||[W; — W5||o. The cut distance of two digraphons W; and
W, is defined as

8o(Wy, Wy) = infdo(Wy, Wy)
¢

where the infimum is taken over all measure preserving maps ¢ : [0, 1] — [0, 1]. Following the
steps of the corresponding proof for graphons (given in e.g. [ 14, Theorem 11.3]), it can be shown that
if (Gp)nen is a convergent sequence of digraphs, then the sequence of the associated step digraphons
converges in the cut distance. Vice versa, if (G,)nen iS a sequence of digraphs with |G| tending to
infinity and the sequence of the associated step digraphons converges in the cut distance, then the
sequence (G,)nen iS convergent.

3. Spectrum convergence

We can associate a digraphon, or more generally a kernel, W with a Hilbert-Schmidt integral
operator Ty on the complex Hilbert space L,[0, 1], where [0, 1] is endowed with the Lebesgue
measure. In particular, the operator Ty associated with a kernel W is defined for f € L,[0, 1] as

Tw(f)(x) = W(x, y)f (y) dy.
[0.1]
In what follows, we will use W both for a kernel and the associated operator, which is denoted Ty,
above; we believe that this simplifies the notation while there is no risk of confusion.

We now recall some basic definitions and facts from functional analysis while referring to the
monograph by Ahues, Largillier and Limaye [1]. The operator norm for operators on L,[0, 1] is
denoted by ||—|>—2, and Id denotes the identity operator. For any kernel W, the operator W is
compact [14, Section 7.5], hence bounded. The spectrum Sp(W) is the set of all A € C such that
W — Ald does not have a bounded inverse. Since W is a compact operator, every non-zero point
A of Sp(W) is isolated and an eigenvalue, i.e., dimKer (W — A1d) > O, see [1, Remark 1.34]. The
algebraic multiplicity of a non-zero eigenvalue A of W, denoted by my, (1), is

my(2) = lim dimKer (W — A 1d)").
k— o0

We remark that this definition of the algebraic multiplicity for a non-zero eigenvalue A in the setting
of digraphons is equivalent to the standard definition of the algebraic multiplicity of an isolated
spectral point of an operator as the rank of the respective Riesz projection (see [1, Chapter 1]). The
compactness of W and [1, Proposition 1.31] yield that every non-zero point A of Sp(W) has finite
algebraic multiplicity, see also [1, Remark 1.34]. Since the operator W does not admit a bounded
inverse as L,[0, 1] is infinite-dimensional and W is compact, the value 0 is contained in Sp(W), but
it need not be an eigenvalue. It can be shown that if W is a digraphon and ¢ : [0, 1] — [0, 1] a
measure preserving map, then Sp(W) = Sp(W¢) and my, (1) = mye«(A) for every A € Sp(W)\ {0}.

In our argument, we need a statement on the convergence of spectra of operators on complex
Banach spaces with algebraic multiplicities, which we formulate as a lemma. In order to do that,
we need to recall a definition of a less standard mode of convergence introduced in [1, Chapter 2.1].
A sequence (T, ),en Of bounded linear operators on a complex Banach space v-converges to a linear
operator T if their operator norms are uniformly bounded,

lim [[(T, = T)T|lop =0 and lim [|[(T, — T)Tyllop = 0.
n—oo n—oo
The following statement can be found in [1, Corollary 2.13(ii)].
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Lemma 1. Let (T,),en be a sequence of bounded linear operators on a complex Banach space that
v-converges to T. The following holds for every non-zero A € Sp(T) that is an isolated point of Sp(T)
and has finite algebraic multiplicity.
For any ¢ > 0 such that the Sp(T) N By.(1) = {A}, there exists ny such that it holds for every n > ng
that
SP(T)NBM#W  and  m)= > my(V).
2/ €Sp(Tn)NBg(A)

In Lemma 3, we will show that every convergent (in the cut metric) sequence of digraphons is
v-convergent. We remark that a more well-known version of Lemma 1, see also [ 1, Corollary 2.13(i)],
holds under the assumption that T, converges to T in ||—|lop. Janson [13, Lemma E.6] proved that
every convergent (in the cut metric) sequence of graphons is ||—||,—2-convergent; the argument
also extends to the case of digraphons [12] but since the details are not publicly available, we
include a self-contained argument using the weaker notion of v-convergence. We also remark that
the extension of [13, Lemma E.6] to digraphons was claimed in [11], however, we were not able to
verify the correctness of all claims in [11],

To prove Lemma 3, we need the following auxiliary statement.

Lemma 2. Let V and U be kernels such that |V|e < 1 and ||U||s < 1. Then it holds that
1/2
IVU 22 < 2IV[IH2.

Proof. We will show that
IVUF Il < 2IVIIY? )

for any function f : [0, 1] — R with ||f|, = 1. Note that since the values of V and U are real, (2)
implies that

IVU(f +g)lI5 = IVUF I3 + IVUg I3
<4|VIia IF15 +4IVIo lgl3
=4|\V|o IIf + g3

for any functions f : [0, 1] — R and g : [0, 1] — R (we use ¢ for the imaginary unit), which will
yield the statement of the lemma.

We now prove (2). Fix a function f : [0, 1] — R such that ||f|l; = 1. Since || U]« < 1, it holds
that |Ufllec < IIflli < IIfll2 = 1; similarly, it holds that ||VUf || < 1. We next define auxiliary
functions g1, g2, hy and h, from [0, 1] to [0, 1] as follows:

&1(x) = max{0, (Uf )(x)},

&(x) = max{0, —(Uf)(x)},
hi(x) = max{0, (VUf)(x)}, and
ha(x) = max{0, —(VUF)(x)).

Observe that
VU = [ (= BV e — 22)0) e
[0.1]
Using the definition of the cut metric, we obtain that

=Vl

f RGOV(x, y)g(y) dx dy
[0,1]2

for every i, j € {1, 2}. The triangle inequality implies that

vurls < Y

i.jel2]

= 4Vlio,

f RGOV(x, y)g(y) dx dy
[0,1]2
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which yields that [[VUf|, < 2[V|IY%. O

We are now ready to show that every sequence of digraphons convergent in the cut metric is
also v-convergent; we state the lemma more generally for kernels.

Lemma 3. If a sequence (W )nen Of kernels satisfies |W;|loo < 1 for every n € N and converges to a
kernel W in the cut metric, then the sequence (W )nen also v-converges to W.

Proof. Fix a sequence (W, ),y of kernels and a digraphon W as in the statement of the lemma and
observe that |W;|2—2 < 1 for every n € N. Since the sequence (W, ),y converges in the cut metric,
for every ¢ > 0, there exists ny € N such that |W — W, ||z < &2/4 for every n > ny. In addition, the
Lebesgue density theorem yields that |W |, < 1, which implies that |W — W;| < 2 for every
n € N. Lemma 2 now yields that ||[(W, — W)W’|,_.» < ¢ for any kernel W’ with |[W’'|» < 1 and
any n > ng. In particular, it holds that

(Wyp — W)W, <e and (W — W)W,llama < e
for every n > ng and so the sequence (W, ),eny v-converges to W. O

We are now ready to prove the next lemma, which forms the core of the proofs of Theorems 5
and 6.

Lemma 4. Let (W,).en be a sequence of digraphons that converge in the cut metric to a digraphon W.
The spectrum Sp(W) is the unique closed set that is the limit of the spectra Sp(W,) in the Hausdorff
sense, and for every non-zero . € Sp(W) we have that my()) is eventually equal to the sum of the
algebraic multiplicities of the eigenvalues in Sp(W,) converging to A, i.e. for every non-zero A € Sp(W),
there exists g9 > 0 such that for every 0 < & < gq there is ng € N such that

my(A) = > m,()

2/ €Sp(Wn)NBg (1)

for every n > nj.

Proof. By Lemma 3, the sequence (W), ),y v-converges to W and so the sets Sp(W,), n € N, converge
to Sp(W) in the Hausdorff sense by [19, Proposition 3.7]. Since W is a compact operator, every
non-zero element of Sp(W) is an eigenvalue of W with finite algebraic multiplicity and is isolated
in Sp(W). Consequently, the set Sp(W) is closed as 0 € Sp(W). Lemma 1 yields that for every
non-zero element A of Sp(W), my (1) is eventually equal to the sum of the algebraic multiplicities of
the eigenvalues in Sp(W,,) converging to 1, i.e., if A is a non-zero element of Sp(W), then there exists
&o > 0 such that for every ¢ € (0, &) there exists ny € N such that Sp(W,) N B.(1) is non-empty
for everyn > ng. O

We are now ready to prove the main theorem of this section.

Theorem 5. Let (G,)qen be a convergent sequence of digraphs and let W be the limit digraphon. The
normalized spectra of G, converge to the spectrum Sp(W) in the Hausdorff sense. Moreover, for every
non-zero A € Sp(W) we have that my(X) is eventually equal to the sum of the algebraic multiplicities
of the normalized eigenvalues in Sp(G,) converging to A.

Proof. Fix a convergent sequence (Gy),en Of digraphs. As in the graph case [4, Lemma 5.3], it is
possible to order vertices of G, in a way that the sequence (W), ),y Of the associated step digraphons
converges in the cut metric; let W, be the digraphon that is the limit of (W, )<y in the cut metric.
Since W and W, are weakly isomorphic, there exist measure preserving transformations ¢ and
¥ such that W¢ and Wg’ are equal almost everywhere. It follows that Sp(W) = Sp(W;) and
my (L) = my,(1) for every A € Sp(W) \ {0}. Hence, it is enough to prove the statement of the
theorem for the digraphon Wj.
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Lemma 4 implies that the spectrum of Wj is the limit of the spectra of W, in the Hausdorff
sense and my, () is eventually equal to the sum of the algebraic multiplicities of the eigenvalues
in Sp(G,) converging to A. Observe that the spectrum of W, is exactly the normalized spectrum
of G, with 0 possibly added, and the algebraic multiplicity of every non-zero A € Sp(W,) is equal
to the algebraic multiplicity of A - |G| in Sp(G,). Note that Sp(Wy) contains 0 but Sp(G,) need not
contain O unlike Sp(W,). Hence, in order to show that the sets Sp(G,)/|G,|, n € N, converge to
Sp(Wp) in the Hausdorff sense, we need to show that for every ¢ > 0, there exists ny € N such that
Sp(Gn)/|Gy| N B.(0) is non-empty for every n > nq

Consider ¢ > 0 and let X be the set of all A € Sp(Wy) with |A| > &. Since every non-zero element
of the closed set Sp(Wp) is isolated and ||Wp]|2—2 < 1, the set X is finite and there exists § > 0 such
that Sp(Wy) N Bs(A) = {1} for every A € X; let X" be the union of Bs/»(1), A € X (note that the sets
Bs/»(A) are disjoint by the choice of §). Further, let ny be such that

my, (M= Y mu,(V)

2/ €Sp(Wn)NBs (%)

for every A € X and n > ng. If there are infinitely many n € N such that there exists

€ (Sp(Gn)/IGal) \ X" with |A] > g, then there exists A ¢ X with |[A| > ¢ that is a limit point
of Sp(G,)/|Gn| and so of Sp(W,). However, such A must be contained in Sp(Wj) (as it is the limit
of Sp(W,,) in the Hausdorff sense), which is impossible as A ¢ X. We conclude that there exists
ng = ng such that (Sp(G,)/|Gy|) \ X" has no element A with [A| > e.

We now use that X is finite and that for every A € X, my,(A) is the sum of the algebraic
multiplicities of eigenvalues converging to A. Since the sum of my, (1) taken over A € X is finite, this
implies that Sp(G,)/|G,| when |G,| is sufficiently large must contain an eigenvalue A with |A| < e.
Formally, set M to be the sum of my,(1), A € X, and let nj > n; be such that every graph G,,
n > ng, has at least M 4 1 vertices. Since the sum of algebraic multiplicities of A € Sp(G,) N (|G,|X")
is exactly M for every n > ng, the set (Sp(G,)/|Gs|) \ X’ has no element A with |A| > ¢ for every
n > ng, and G, has at least M + 1 vertices for every n > ng, it follows that Sp(G,)/|G,| contains A
with |A| < ¢ for every n > ng. In particular, Sp(G,)/|G,| N B¢(0) is non-empty for every n > nj. O

As a digraphon analogy to Theorem 5, it is possible to prove that the spectra of digraphons that
converge in the cut distance converge to the spectrum of a limit digraphon.

Theorem 6. Let (W,),en be a sequence of digraphons that converges to a digraphon W in the cut
distance. Then, the spectra Sp(W,) converge to the spectrum Sp(W) in the Hausdor{f sense. Moreover,
for every non-zero A € Sp(W) we have that my(X) is eventually equal to the sum of the algebraic
multiplicities of the eigenvalues in Sp(W,) converging to A.

Proof. Since the digraphons (W,),cy converge to W in the cut distance, there exist measure
preserving maps ¢, : [0,1] — [0,1], n € N, such that |W" — W||5 converges to zero. Since
the spectra of the digraphons W, and W™ are the same for every n € N (including the algebraic
multiplicities of non-zero elements), the statement of the theorem follows from Lemma 4. O

4. Cycle densities

In this section, we relate the spectra of digraphons and the density of cycles as given in the next
theorem.

Theorem 7. Let W be a digraphon. For every £ > 3, it holds that
(W)= 3 mwh)
AeSp(W)\{0}

where the sum is absolutely convergent.
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Proof. Fix a convergent sequence (Gy)nen Of digraphs such that the digraphon W is a limit of the
sequence (Gp)nen; a sequence of W-random digraphs with increasing number of vertices has this
property with probability one. Observe that it holds that

¢
lim ZAESP(GH) mg, (1) - A

T oo Gl

t(Ce, W) = lim t(Cy, Gy) ,
n—oo
and we write L for the value of this limit.

Consider n € N, and let A, be the adjacency matrix of the digraph G,. Since all entries of ATA,
are non-negative integers between 0 and |G,|, the trace of AgAn is at most |G,|2. In particular, the
sum of squares of the singular values of A, is at most |Gn|?. Since the sum of the pth powers of
the singular values is an upper bound on the sum of the absolute values of the pth powers of the
eigenvalues for any p > 0, we obtain that

> me,()- [V < 1G (3)

21€Sp(G)

for every n € N.
We prove the following claim, which yields the statement of the theorem:
For every £ > 3 and ¢ > 0, there exists a finite set S € Sp(W) \ {0} such that it holds that

> mw() At -1

res’

for any finite set S’ C Sp(W) \ {0} that contains S, i.e, S C S

We now prove this claim. As the claim is trivial when W = 0, we may assume that W # 0.
Fix £ > 3 and ¢ > 0 (without loss of generality, we assume that ¢ € (0, 1)), and choose the set S
to be the set containing those A € Sp(W) with |A| > &/4. The set S is finite since every non-zero
element of the closed set Sp(W) is isolated in Sp(W) and ||[W||;—2» < 1. We may assume that the
set S is non-empty (otherwise, we consider smaller ¢). Next fix any finite set S’ C Sp(W) \ {0} that
contains S, set M to be the sum of my/(A) of all A € §’, and choose § € (0, 1) such that § < 41\;'24
and the balls Bs(A) and Bs(A') are disjoint for any distinct A, A’ € §’. Theorem 5 implies that there

exists ng € N such that the following holds for all n > ng:

<e¢

o for every A € Sp(G,) with [A| > ¢|G,|/2, there exists ' € S C S’ such that A/|G,| € Bs(1"), and
o forevery A € §', the sum of the algebraic multiplicities of all A" € Sp(G,)NBsjc,|(A|Gn|) is equal
to my(X).

Finally, fix any n > ng such that

Zkesp(cn) M, (%) - 2! 1 < &
|Gl 4’

and let S” be the set of all A € Sp(G,) such that A/|G,| € Bs(\") for some A" € S’. Note that every
A € Sp(Gy) with |A| > ¢|G,|/2 is contained in S”.
We obtain using (3) that

> omg, ()= Y mg,(a)- 1A

AeSp(Gn)\S” 1€Sp(Gn)\S”
e o 2
= Y me () 5lGl A
1€Sp(Gn)\S”
€~ t=2 20 Bt
<SG Y me, ()W < SIG
A€Sp(Gn)\S”

8
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which yields that

ZW—L‘E%~ (4)

14
= (Gl

Observe that |(x + y)¢ — x°| < 26 for any complex numbers x and y such that |x| < 1 and |y| <8,
and recall that 2§ < 2+ Hence, we obtain that

, ()
3 M)A |cn Y mw =YY mc"(”'<|cn|f‘”>

reS” res’ res’ )”/EBMGM(MGH‘)

Y met) oo

re§’ A/EBMGH\(MGH‘)

— me()\). N
4M 4

re§’

IA

which combines with (4) to

me(x)-ﬂ—L <e

res’

This finishes the proof of the claim and so of the theorem, too. O
5. Concluding remarks

We briefly discuss the relation of the cycle density and spectral properties in the case of limits
of digraphs that may contain parallel edges oriented in the opposite way. Following the standard
line of arguments, we obtain that the natural limit object representing convergent sequences of
such digraphs is a pair (W;, W) of measurable functions W5, W, : [0, 11> — [0, 1] that satisfy
that Wi(x,y) = Wi(y,x) and Wi(x,y) + Wa(x,y) + Wa(y,x) < 1 for all (x,y) € [0, 1]*> and the
n-vertex W-random digraph is obtained as follows. Choose X, . .., x,; uniformly in [0, 1] and include
a pair of edges oriented in the opposite way between the ith and jth vertices with probability
Wi(x;, xj) = Wi(x;, x;), an edge directed from the ith vertex to the jth vertex with probability
Wa(x;, x;), an edge directed from the jth vertex to the ith vertex with probability W(x;, x;), and no
edge between the ith vertex and the jth vertex with probability 1—W;(x;, x;)—Wa(x;, X;) — Wa(x;, X;),
with the choices for different pairs (i, j) mutually independent. The homomorphism density of a
digraph H (without parallel edges) is then equal to

/ [T Wit %)+ Walx, %)) dxven. (5)
0,1V

uveE(H

Consider a function W’ : [0, 1]> — [0, 1] defined as W'(x, y) = W;(x, y) + W5(x, ¥); note that W’
need not be a digraphon as W'(x, y) + W’(y, x) may exceed one but |W'|» < 1. As the integral in
(5) matches the integral in (1) for W/, we can use the same line of reasoning as in Sections 3 and
4 to derive that the homomorphism density of C, in (W7, W), is equal to

> mw(n)-

AeSp(W)\{0}

for every £ > 3. However, this derivation fails for £ = 2, which represents the limit density of the
two-vertex digraphs with two parallel edges oriented in the opposite way, as (1) and (5) match only
for digraphs with no parallel edges; in fact, the identity need not hold as evidenced by one of the
examples given below.
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To illustrate the above presented concepts, we work out in detail the following example. Let A, be
the adjacency matrix of a uniformly chosen n-regular undirected graph with 2n vertices. Note that
Ap is a symmetric real matrix, which implies that all eigenvalues of A, are real and their algebraic
and geometric multiplicities are the same; let A; > --- > A, be the eigenvalues of A,. It holds that
A1 = n and there exists a constant « (see [21]) such that |A;] < a+/n for all i € [2n] \ {1} with
probability tending to one.

Let H; be the digraph with 4n vertices that is created from two disjoint copies of the vertex set
of A, and adding a pair of parallel edges oriented in the opposite way between a vertex in the first
copy and a vertex in the second copy whenever the vertices are joined by an edge in A,. Similarly,
H,f is the digraph created from two disjoint copies of the vertex set of A, with a directed edge from
a vertex in the first copy to a vertex in the second copy whenever such an edge is present in A, and
with a directed edge from a vertex in the second copy to a vertex in the first copy whenever such

an edge is not present in A,. That is, the adjacency matrix of H! is : '?)”] and the adjacency
n
matrix of H,f is ] BA A(;J where J, is the 2n x 2n all one matrix. Suppose that A > --- > Ay,
n n
are the eigenvalues of A;, and observe that
SP(Hy) = {n, =1, A2, ..., An, —A2, .-, —A2n}
SP(HZ) = {n, —n, Aat, ..., Aty —Aat, ..., —Agnt}

where ¢ is the imaginary unit. Note that the limit W of the sequence (H,} Jnen 1S given as

1/2 ifi=1,x€[0,1/2)andy € [1/2, 1],
Wl(x,y)=11/2 ifi=1,xe[1/2,1]andy € [0, 1/2), and
0 otherwise.

Similarly, the limit W? of the sequence (H2 ),y is given as

1/2 ifi=2,x€[0,1/2)and y € [1/2, 1],
W,-z(x,y) =11/2 ifi=2,x€[1/2,1]and y € [0, 1/2), and
0 otherwise.

While the limits W' and W2 of the sequences (H!)yen and (H2)nen are different, they yield the
same W’ : [0, 1]> — [0, 1] (recall that W = W; + W,). Note that Sp(W’) = {1/4, —1/4,0},
mw:(1/4) = 1 and my(—1/4) = 1, and Sp(W’) is also the limit of the normalized spectra of
either H} or HZ. Also note that the homomorphism density of C;, £ > 3, in either of W' and W?
is equal 47¢ + (—4)~¢ = 272*1 in line with the discussion above, which also matches the limit
homomorphism density of C; in either H! or H2. On the other hand, the limit of t(C,, H,') is 1/4 but
t(Cy, H,f) is 0, where C, is the two-vertex digraph with two parallel edges oriented in the opposite
way.
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