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IN \bfitp -NORMS\ast 
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Abstract. For a positive real number p, the p-norm \| G\| p of a graph G is the sum of the
pth powers of all vertex degrees. We study the maximum p-norm exp(n,F ) of F -free graphs on n
vertices. F\"uredi and K\"undgen [J. Graph Theory, 51 (2006), pp. 37--48] showed that for every bipartite
graph F , there exists a threshold pF such that for p < pF , the order of exp(n,F ) is governed by
pseudorandom constructions, while for p > pF , it is governed by star-like constructions, assuming a
mild assumption on the growth rate of ex(n,F ). The main contribution of our paper is extending this
result to hypergraphs. Moreover, in the case of graphs, our proof differs from that in [Z. F\"uredi and
A. K\"undgen, J. Graph Theory, 51 (2006), pp. 37--48], offering the advantage of producing the correct
constant factor when p > pF . When p = pF , F\"uredi and K\"undgen proved a general upper bound
on exp(n,F ) that is tight up to a logn factor and conjectured that this factor is unnecessary. We
confirm this conjecture for several well-studied bipartite graphs, including one-sided degree-bounded
graphs that meet F\"uredi's bound and families of short even cycles.

Key words. degenerate Tur\'an problem, degree powers, counting stars, phase transition
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1. Introduction. Given an integer r \geq 2, an r-uniform hypergraph (henceforth
an r-graph) on a set V is a subset \scrH of

\bigl( 
V
r

\bigr) 
:= \{ X \subseteq V : | X| = r\} . We identify a

hypergraph \scrH with its edge set and use V (\scrH ) to denote its vertex set. The size of
V (\scrH ) is denoted by v(\scrH ). The degree d\scrH (v) of v in \scrH is the number of edges in \scrH 
containing v.

Given an r-graph \scrH and a real number p\geq 0, let the p-norm of \scrH be defined as

\| \scrH \| p :=
\sum 

v\in V (\scrH )

dp\scrH (v),

where, for convenience, we write dp\scrH (v) := (d\scrH (v))
p
.

Given a family \scrF of r-graphs, we say that an r-graph \scrH is \scrF -free if it does not
contain any member of \scrF as a subgraph. The p-norm Tur\'an number of \scrF is defined
as

exp(n,\scrF ) :=max
\Bigl\{ 
\| \scrH \| p : v(\scrH ) = n and \scrH is \scrF -free

\Bigr\} 
.
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1713

The case p = 1 corresponds to the Tur\'an number ex(n,\scrF ) of \scrF (differing only by
a multiplicative factor of r), which represents the maximum number of edges in an
n-vertex \scrF -free r-graph.

Extending the seminal work of Tur\'an [Tur41], Caro--Yuster [CY00, CY04] initi-
ated1 the study of the p-norm Tur\'an problem for graphs by determining the value
of exp(n,K\ell +1) for p\geq 1. This line of research has since been extended to various other
graphs and hypergraphs, as explored in works such as [Nik09, BN12, LLQS19, BCL22b,
BCL22a, Zha22, Ger24, CIL+24]. In this work, we focus on the case where \scrF is de-
generate.

The Tur\'an density of \scrF is defined as \pi (\scrF ) := limn\rightarrow \infty ex(n,\scrF )/
\bigl( 
n
r

\bigr) 
. A family \scrF 

of r-graphs is called degenerate if \pi (\scrF ) = 0. According to a classical theorem of Erd\H os
[Erd64b], this is equivalent to stating that \scrF contains at least one r-partite r-graph.
Determining the growth rate of ex(n,\scrF ) for degenerate families is a central and noto-
riously difficult topic in extremal combinatorics, and it remains unresolved for most
families. For example, the Even Cycle Problem proposed by Erd\H os [Erd64a, BS74],
which asks for the exponent of ex(n,C2k), is still open for every k not in \{ 2,3,5\} (see,
e.g., [ERS66, Ben66, Wen91, LU93, LUW99]). For more results on degenerate Tur\'an
problems, we refer the reader to the survey [FS13].

For an r-partite r-graph F , the partition number \tau part(F ) of F is defined as the
minimum size of a set S1 \subseteq V (F ) such that V (F ) \setminus S1 can be partitioned into r  - 1
sets S2, . . . , Sr, with each edge of F containing exactly one vertex from each Si. The
independent covering number \tau ind(F ) of F is defined as the minimum size of a set S
such that every edge of F contains exactly one vertex from S. It is clear from the
definition that \tau ind(F )\leq \tau part(F ) for every r-partite r-graph F , and \tau ind(F ) = \tau part(F )
for every bipartite graph F .

Given the definitions that we have introduced, we can immediately derive the
following two general lower bounds for exp(n,F ).

fact 1.1. Let r \geq 2 be an integer and F be an r-partite r-graph. For every real
number p\geq 1, we have

exp(n,F )\geq max

\biggl\{ 
n

\biggl( 
r \cdot ex(n,F )

n

\biggr) p

, (\tau ind(F ) - 1)

\biggl( 
n - \tau ind(F ) + 1

r - 1

\biggr) p\biggr\} 
.

The first lower bound arises from an optimal construction for ex(n,\scrF ) as well
as convexity (see Corollary 2.5). The second lower bound is based on the star-like
r-graph Sr(n, t) for t= \tau ind(F ) - 1, where

Sr(n, t) :=

\biggl\{ 
e\in 
\biggl( 
[n]

r

\biggr) 
: | e\cap [t]| = 1

\biggr\} 
, and [n] := \{ 1, . . . , n\} .

Our work is motivated by the combination of the following facts in graphs. For
p= 1, the lower bound constructions for ex1(n,\scrF ) often exhibit certain pseudorandom
properties (see, e.g., [KRS96, ARS99, MYZ18, PZ21]) and, in particular, are almost
regular, meaning that the maximum and minimum degrees differ by only a constant
factor. In contrast, works of Caro and Yuster [CY00], Nikiforov [Nik09], and Gerbner
[Ger24] on even cycles and complete bipartite graphs showed that for large p, the
lower bound constructions for exp(n,\scrF ) are highly structured and resemble S2(n, t)
for some appropriate choice of t.

1According to the introduction in [FK06], it seems that exp(n,Kt) was already considered by
Erd\H os in the 1970s (see [Erd70]).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1714 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

log exp(n,K3,3)

logn

log exp(n,C4)
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log exp(n,C6)
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2

3

4

1 2 3 4 p

Fig. 1. Exponents of exp(n,K3,3), exp(n,C4), and exp(n,C6).

This contrast suggests that a general phenomenon (see Figure 1) may hold: for
every degenerate family \scrF of r-graphs with ex(n,\scrF ) = \Omega (n1+\alpha ) for some \alpha > r  - 2,

there exists a threshold p\scrF > 1 such that, for p \in (1, p\scrF ), exp(n,\scrF ) =O(n( ex(n,\scrF )
n )p),

while for p > p\scrF , exp(n,\scrF ) = O
\bigl( 
np(r - 1)

\bigr) 
. F\"uredi and K\"undgen [FK06] showed that

this holds for r= 2. In the following theorem, we show that this holds for all r\geq 2.
For a family \scrF of r-graphs, we define

\tau part(\scrF ) :=min\{ \tau part(F ) : F \in \scrF is r -partite\} and

\tau ind(\scrF ) :=min\{ \tau ind(F ) : F \in \scrF is r -partite\} .

Theorem 1.2. Let r \geq 2 be an integer and p > 1 be a real number. Suppose that
\scrF is a degenerate family of r-graphs satisfying ex(n,\scrF ) =O(n1+\alpha ) for some constant
\alpha \in [r - 2, r - 1). Then there exists a constant C\scrF > 0 such that

exp(n,\scrF )\leq 

\Biggl\{ 
C\scrF \cdot n1+p\alpha , if 1< p< 1

r - 1 - \alpha ,

(\tau part(\scrF ) - 1 + o(1))
\bigl( 

n
r - 1

\bigr) p
, if p > 1

r - 1 - \alpha .

In particular, for r= 2, we have, for every p > 1
1 - \alpha ,

exp(n,\scrF ) = (\tau ind(\scrF ) - 1 + o(1))np.

Remarks.
\bullet The Rational Exponent Conjecture of Erd\H os and Simonovits (see [FS13, Con-

jecture 1.6]) states that for every degenerate finite family \scrF of graphs, there
exist a rational number \alpha and a constant c > 0 such that

lim
n\rightarrow \infty 

ex(n,\scrF )

n1+\alpha 
= c.

Note that by Corollary 2.5, if this conjecture holds, then Theorem 1.2 is tight
in the exponent for every p\in (1, 1

r - 1 - \alpha ) when r= 2.

\bullet If ex(n,\scrF ) = O(n1+\beta ) for some \beta \leq r  - 2, then by taking \alpha = r  - 2 in
Theorem 1.2, we obtain 1

r - 1 - \alpha = 1, and hence,

exp(n,\scrF )\leq (\tau part(\scrF ) - 1 + o(1))

\biggl( 
n

r - 1

\biggr) p

for every p > 1.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1715

This bound is tight in the exponent unless \scrF contains an r-graph F with
\tau part(F ) = 1. In that case, it is straightforward to show that, for r= 2, either
exp(n,\scrF ) =\Theta (n) (if ex(n,\scrF ) =\Theta (n)) or exp(n,\scrF ) =\Theta (1) (if ex(n,\scrF ) =\Theta (1))
for every p\geq 1. The case r\geq 3 seems to be more complex, even in the special
case of intersection problems (when each forbidden r-graph has only 2 edges);
see [FT16] for a survey.

For p at the threshold, i.e., for p = 1
r - 1 - \alpha , F\"uredi and K\"undgen [FK06] prove a

general upper bound that is tight up to a logn factor for exp(n,F ) when r = 2. In
the following theorem, we generalize this result to r\geq 3.

Theorem 1.3. Let r\geq 2 be an integer. Suppose that \scrF is a degenerate family of
r-graphs satisfying ex(n,\scrF ) =O(n1+\alpha ) for some constant \alpha \geq r - 2. Then

exp\ast (n,\scrF ) =O
\Bigl( 
np\ast (r - 1) logn

\Bigr) 
where p\ast :=

1

r - 1 - \alpha 
.

We conjecture that the logn factor in Theorem 1.3 can be removed, thus extending
the conjecture of F\"uredi and K\"undgen [FK06], who made it for r = 2. In support of
this conjecture, we prove it for several well-studied families of bipartite graphs in the
following theorem.

Given a bipartite graph F with two parts V1 and V2, we say F is s-bounded if every
vertex in V2 has degree at most s. A celebrated theorem of F\"uredi [F\"ur91], later refined
by Alon, Krivelevich, and Sudakov [AKS03], establishes that ex(n,F ) =O(n2 - 1

s ) for
every s-bounded bipartite graph F . This bound is tight for graphs such as complete
bipartite graphs Ks,t when t is sufficiently large [KRS96, ARS99, Buk24].

Theorem 1.4. The following statements hold for sufficiently large n.
(i) ex\ell /(\ell  - 1)(n,\{ C4,C6, . . . ,C2\ell \} )\leq 765n

\ell 
\ell  - 1 for every \ell \geq 3.

(ii) ex3/2(n,C6)\leq 2164n3/2.
(iii) Suppose that F is an s-bounded bipartite graph. Then

exs(n,F )\leq 2

\biggl( 
| V (F )| s

s!
+ | V (F )| 

\biggr) 
ns.

This paper is organized as follows. In section 2, we present some preliminary
results. In section 3, we introduce a p-norm extension of the classical \Delta -Almost-
Regularization Theorem by Erd\H os and Simonovits. The proofs of Theorems 1.2, 1.3,
and 1.4 are provided in sections 4, 5, and 6, respectively. Section 7 includes some
open problems and concluding remarks.

Remark. After the preprint was posted on arXiv, D\'aniel Gerbner informed us
that results similar to Theorems 1.2 and 1.4 for the case r= 2 were already proved by
F\"uredi and K\"undgen in [FK06, Theorem 3.3] using an elegant and concise argument.
Our proofs of both theorems appear to be quite different from the approach taken by
F\"uredi and K\"undgen. In the case p < 1/(1 - \alpha ), our proof relies on a p-norm adaptation
of the classical \Delta -Almost-Regularization Theorem by Erd\H os and Simonovits, which
is of independent interest. In the case p > 1/(1  - \alpha ), our proof has the additional
advantage of providing the tight main term.

2. Preliminaries. We present some notation and preliminary results that will
be used in the subsequent proofs.

Given an r-graph \scrH , we use \delta (\scrH ), \Delta (\scrH ), and d(\scrH ) to denote the minimum,
maximum, and average degree of \scrH , respectively. For a vertex v \in V (\scrH ), the link
L\scrH (v) of v is defined as the (r  - 1)-graph consisting of all (r  - 1)-sets S such that
S \cup \{ v\} \in \scrH . We will omit the subscript \scrH if it is clear from the context.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1716 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

Unless otherwise stated, all asymptotic notations in this paper are considered
with respect to n. Floors and ceilings will be omitted when they are not critical to
the proofs. The base of log is assumed to be 2.

fact 2.1. Let p\geq 1 and x\geq y\geq 0 be real numbers. Then

(xp + yp)
1/p \geq x\geq x+ y

2
.

fact 2.2 (power mean inequality). Let p > q \geq 1 be two real numbers and
x1, . . . , xn be nonnegative real numbers. Then\Biggl( \sum 

i\in [n] x
p
i

n

\Biggr) 1/p

\geq 

\Biggl( \sum 
i\in [n] x

q
i

n

\Biggr) 1/q

.

fact 2.3 (Minkowski's inequality). Let p \geq 1 and x1, . . . , xn, y1, . . . , yn be real
numbers. Then\Biggl( 

n\sum 
i=1

| xi + yi| p
\Biggr) 1/p

\leq 

\Biggl( 
n\sum 

i=1

| xi| p
\Biggr) 1/p

+

\Biggl( 
n\sum 

i=1

| yi| p
\Biggr) 1/p

.

In particular, for every p\geq 1 and x, y\geq 0,

(xp + yp)1/p \leq x+ y.

fact 2.4. Let p > q \geq 1 be two real numbers and \scrH be an r-graph on n vertices.
Then

\| \scrH \| p =
\sum 

v\in V (\scrH )

dp\scrH (v) =
\sum 

v\in V (\scrH )

d
q+(p - q)
\scrH (v)

\leq 
\sum 

v\in V (\scrH )

dq\scrH (v) \cdot (\Delta (\scrH ))
p - q

= \| \scrH \| q \cdot (\Delta (\scrH ))
p - q

.

In particular, \| \scrH \| p \leq \| \scrH \| q \cdot n(r - 1)(p - q).

The following result is an immediate corollary of Fact 2.2.

Corollary 2.5. Let p > q\geq 1 be two real numbers and \scrH be an n-vertex r-graph.
Then \biggl( \| \scrH \| p

n

\biggr) 1/p

\geq 
\biggl( \| \scrH \| q

n

\biggr) 1/q

.

Consequently, \| \scrH \| p \geq n(\| \scrH \| q /n)p/q, and hence,

exp(n,\scrF )\geq n

\biggl( 
ex1(n,\scrF )

n

\biggr) p

= n

\biggl( 
r \cdot ex(n,\scrF )

n

\biggr) p

.(2.1)

Given an r-graph\scrH and a vertex set U \subseteq V (\scrH ), we use\scrH [U ] to denote the induced
subgraph of \scrH on U . Similarly, for r pairwise disjoint vertex sets V1, . . . , Vr \subseteq V (\scrH ),
we use \scrH [V1, . . . , Vr] to denote the collection of edges in \scrH that contain exactly one
vertex from each Vi.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1717

Proposition 2.6. Let r \geq 2 be an integer and p\geq 1 be a real number. Let \scrG be
an r-graph on an n-set V and let U \subseteq V be a vertex set. For every m\leq n, there exists
a set W \subseteq V of size m such that the induced subgraph \scrH := \scrG [U \cup W ] satisfies\sum 

v\in U

dp\scrH (v)\geq (1 + om(1))
\Bigl( m
n

\Bigr) p(r - 1)\sum 
v\in U

dp\scrG (v).

Proof of Proposition 2.6. Choose uniformly at random an m-set W from V . For
each v \in U , an edge e\in L\scrG (v) is contained in W with probability

\BbbP [e\subseteq W] =

\bigl( 
n - (r - 1)
m - (r - 1)

\bigr) \bigl( 
n
m

\bigr) = (1+ om(1))
\Bigl( m
n

\Bigr) r - 1

.

For every v \in U , let d\scrG (v,W) := | L\scrG (v) \cap 
\bigl( 
\bfW 
r - 1

\bigr) 
| , noting from the equation above

that \BbbE [d\scrG (v,W)] = (1 + om(1))
\bigl( 
m
n

\bigr) r - 1
d\scrG (v). Combining this with Fact 2.2 and the

linearity of expectation, we obtain

\BbbE 

\Biggl[ \sum 
v\in U

dp\scrG (v,W)

\Biggr] 
=
\sum 
v\in U

\BbbE 
\bigl[ 
dp\scrG (v,W)

\bigr] 
\geq 
\sum 
v\in U

\BbbE [d\scrG (v,W)]
p

=
\sum 
v\in U

\biggl( 
(1 + om(1))

\Bigl( m
n

\Bigr) r - 1

d\scrG (v)

\biggr) p

= (1+ om(1))
\Bigl( m
n

\Bigr) p(r - 1)\sum 
v\in U

dp\scrG (v).

Therefore, there exists a set W \subseteq V of size m such that the induced subgraph

\scrH := \scrG [U \cup W ] satisfies
\sum 

v\in U dp\scrH (v) \geq 
\sum 

v\in U dp\scrG (v,W ) \geq (1 + om(1))
\bigl( 
m
n

\bigr) p(r - 1)\sum 
v\in U dp\scrG (v).

Theorem 2.7 (Erd\H os [Erd64b]). For every degenerate family \scrF of r-graphs on n
vertices, there exists a constant \delta > 0 such that

ex(n,\scrF ) =O
\bigl( 
nr - \delta 

\bigr) 
.

We say an r-graph \scrH is semibipartite if there exists a bipartition V1 \cup V2 = V (\scrH )
such that every edge in \scrH contains exactly one vertex from V1, in which case we also
call it | V1| by | V2| semibipartite. For convenience, we write\scrH =\scrH [V1, V2] to emphasize
that \scrH is semibipartite with respect to the bipartition V1\cup V2 = V (\scrH ). Given a family
\scrF of r-graphs, we use ex(m,n,\scrF ) to denote the maximum number of edges in an m by
n semibipartite \scrF -free r-graph. The function exp(m,n,\scrF ) is defined analogously: for
every p\geq 1, exp(m,n,\scrF ) is the maximum p-norm of an m by n semibipartite \scrF -free
r-graph.

Proposition 2.8. Every r-graph \scrG on n vertices contains a balanced r-partite
subgraph \scrH such that

\| \scrH \| p \geq 
\biggl( 
r!

rr
+ o(1)

\biggr) p

\| \scrG \| p .

In particular, for r= 2 we have

exp(n,n,\scrF )\geq 
\biggl( 
1

2
+ o(1)

\biggr) p

exp(2n,\scrF ).(2.2)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1718 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

Proof of Proposition 2.8. Choose a balanced r-partition V1 \cup \cdot \cdot \cdot \cup Vr = V (\scrG )
uniformly at random. More specifically, we first fix integers m1, . . . ,mr satisfying
mr +1\geq m1 \geq \cdot \cdot \cdot \geq mr and m1 + \cdot \cdot \cdot +mr = n. Then we inductively select uniformly
at random an mi-set Vi from V (\scrG ) \setminus (V0 \cup V1 \cup \cdot \cdot \cdot \cup Vi - 1), where V0 := \emptyset . Let
G := \scrG [V1, . . . , Vr] and V := V (\scrG ). Similarly to the proof of Proposition 2.6, it follows
from Fact 2.2 and the linearity of expectation that

\BbbE 
\Bigl[ 
\| G\| p

\Bigr] 
=
\sum 
v\in V

\BbbE [dp\bfG (v)]\geq 
\sum 
v\in V

(\BbbE [d\bfG (v)])
p

=
\sum 
v\in V

\Biggl( \sum 
e\in \scrG : v\in e

\BbbP [e\in G]

\Biggr) p

=
\sum 
v\in V

\biggl( \biggl( 
r!

rr
+ o(1)

\biggr) 
\cdot d\scrG (v)

\biggr) p

=

\biggl( 
r!

rr
+ o(1)

\biggr) p

\| \scrG \| p .

Therefore, there exists a balanced r-partition V1 \cup \cdot \cdot \cdot \cup Vr = V (\scrG ) such that the
r-partite subgraph \scrH := \scrG [V1, . . . , Vr] satisfies \| \scrG \| p \geq 

\bigl( 
r!
rr + o(1)

\bigr) p \| \scrG \| p.
Let Kr

s1,...,sr be the complete r-partite r-graph with parts of sizes s1, . . . , sr, re-
spectively. Extending classical theorems of K\H ov\'ari, S\'os, and Tur\'an [KST54] and Erd\H os
[Erd64b], the following upper bound for ex(m,n,Kr

s1,...,sr ) was proved in [HHL+23].

Proposition 2.9 (see [HHL+23, Proposition 2.1]). Suppose that r \geq 3, sr \geq 
\cdot \cdot \cdot \geq s1 \geq 1, and m,n\geq 1 are integers. Then

ex(m,n,Kr
s1,...,sr )\leq 

(s2 + \cdot \cdot \cdot + sr  - r+ 1)
1
s1

r - 1
mn

r - 1 - 1
s1\cdot \cdot \cdot sr - 1 + (s1  - 1)

\biggl( 
n

r - 1

\biggr) 
.

Proposition 2.10. Let r \geq 2 be an integer and \scrF be a degenerate family of
r-graphs. Suppose that ex(n,\scrF ) = O(n1+\alpha ) for some constant \alpha . Then there exist
constants C\scrF ,N0 such that

ex(m,n,\scrF )\leq C\scrF m
1+\alpha  - (r - 1)nr - 1 for all n\geq m\geq N0.

Proof of Proposition 2.10. Let C,N0 be constants such that ex(n,\scrF ) \leq Cn1+\alpha 

for every n \geq N0. Let C\scrF := 22+\alpha C. Suppose to the contrary that there exists an
\scrF -free m by n semibipartite r-graph \scrG = \scrG [V1, V2] with | \scrG | > C\scrF m

1+\alpha  - (r - 1)nr - 1,
where n\geq m\geq N0. Similar to the proof of Proposition 2.6, there exists a set U \subseteq V2

of size m such that the induced subgraph \scrH := \scrG [V1 \cup U ] satisfies

| \scrH | =
\sum 
v\in V1

d\scrH (v)\geq (1 + o(1))
\Bigl( m
n

\Bigr) r - 1 \sum 
v\in V1

d\scrG (v)

\geq 1

2

\Bigl( m
n

\Bigr) r - 1

| \scrG | 

>
1

2

\Bigl( m
n

\Bigr) r - 1

C\scrF m
1+\alpha  - (r - 1)nr - 1 =C(2m)1+\alpha \geq ex (| V1 \cup U | ,\scrF ) ,

a contradiction.

3. Regularization under the \bfitp -norm. In this section, we prove the following
extension of the classical \Delta -Almost-Regularization Theorem by Erd\H os and Simonovits
(see, e.g., [FS13, Theorem 2.19]).
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1719

Lemma 3.1. Let r \geq 2 be an integer. Let \alpha \in (r  - 2, r  - 1), p \in [1, 1
r - 1 - \alpha ), and

C > 0 be real numbers. Then for every \varepsilon \in (0,1), there exist constants K and N0 such
that the following holds for every n\geq N0. Suppose \scrG is an r-graph on n vertices with
\| \scrG \| p \geq Cn1+p\alpha . Then \scrG contains a subgraph \scrH on m vertices satisfying

(i) \| \scrG \| p \geq (1 - \varepsilon )Cm1+p\alpha ,

(ii) m\geq (C1/\delta n)
\delta 

1 - 3\delta 

2 , where \delta := 1 - p(r - 1 - \alpha )
4 ,

(iii) \Delta (\scrH )\leq ( K
1 - \varepsilon \cdot 

\| \scrH \| p

m )1/p, and

(iv) | \scrH | > \^Cm1+\alpha , where \^C := (1 - \varepsilon )C1/p

rK
p - 1
p

.

Proof of Lemma 3.1. Let r \geq 2, \alpha \in (r  - 2, r  - 1), p \in [1, 1
r - 1 - \alpha ), and C > 0 be

as assumed in Lemma 3.1. Since p\in [1, 1
r - 1 - \alpha ), the constant \delta = 1 - p(r - 1 - \alpha )

4 satisfies
0< \delta < 1/4. Fix \varepsilon \in (0,1). Let \varepsilon 1 be the real number in (0, \varepsilon ) such that

1 - \varepsilon 1  - ((r - 1)\varepsilon 1)
1/p = (1 - \varepsilon )1/p.

Let K be a constant satisfying

K\delta \geq 21+p(r - 1) and
K1+p\alpha 

Kp(r - 1)
\cdot \varepsilon 1
22+p\alpha 

=K4\delta \cdot \varepsilon 1
22+p\alpha 

>K2\delta .

Let N1 be the constant such that Proposition 2.6 holds with om(1) \geq  - 1/2 for all
m\geq N1. Let N0 \gg N1 be a sufficiently large integer and \scrG be an r-graph on n\geq N0

vertices with \| \scrG \| p \geq Cn1+p\alpha .
For convenience, for every r-graph \scrK , we define

\Phi (\scrK ) :=
\| \scrK \| p

| V (\scrK )| 1+p\alpha 
.

Note that \Phi (\scrG )\geq C.
We will define a sequence of subgraphs \scrG 0 = \scrG \supseteq \scrG 1 \supseteq \cdot \cdot \cdot \supseteq \scrG k for some k \geq 0

such that

\Phi (\scrG i+1)\geq K2\delta \cdot \Phi (\scrG i)\geq \Phi (\scrG i) and

\biggl( 
1

K

\biggr) i+1

n\leq | V (\scrG i+1)| \leq 
\biggl( 

2

K

\biggr) i+1

n

for every i\in [0, k - 1].
Suppose we have defined \scrG i for some i\geq 0. Let

Ui :=

\biggl\{ 
v \in V (\scrG i) : d

p
\scrG i
(v)\geq 

K \cdot \| \scrG i\| p
| V (\scrG i)| 

\biggr\} 
.

It follows from

\| \scrG i\| p =
\sum 

v\in V (\scrG i)

dp\scrG i
(v)\geq 

\sum 
v\in Ui

dp\scrG i
(v)\geq | Ui| \cdot 

K \cdot \| \scrG i\| p
| V (\scrG i)| 

that

| Ui| \leq 
| V (\scrG i)| 

K
.

If
\sum 

v\in Ui
dp\scrG i

(v) < \varepsilon 1 \| \scrG i\| p or | V (\scrG i)| \leq N1, then we stop the process and set k := i.
Otherwise, we apply Proposition 2.6 to \scrG i with U and m in the proposition corre-
sponding to Ui and | V (\scrG i)| /K here. Let Vi+1 \subseteq V (\scrG i) be the | V (\scrG i)| 

K -set returned by
Proposition 2.6, and let \scrG i+1 := \scrG i[Ui \cup Vi+1]. By Proposition 2.6, we have
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1720 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

\| \scrG i+1\| p \geq 
\sum 
v\in Ui

dp\scrG i+1
(v)

\geq (1 + o(1))

\biggl( 
| V (\scrG i)| /K
| V (\scrG i)| 

\biggr) p(r - 1) \sum 
v\in Ui

dp\scrG i
(v)\geq 

\sum 
v\in Ui

dp\scrG i
(v)

2Kp(r - 1)
\geq 

\varepsilon 1 \| \scrG i\| p
2Kp(r - 1)

.

It follows that

\Phi (\scrG i+1) =
\| \scrG i+1\| p

| V (\scrG i+1)| 1+p\alpha 
\geq 

\varepsilon 1 \| \scrG i\| p
2Kp(r - 1)

/

\biggl( 
2| V (\scrG i)| 

K

\biggr) 1+p\alpha 

=
\varepsilon 1

2Kp(r - 1)
\cdot K

1+p\alpha 

21+p\alpha 
\cdot 

\| \scrG i\| p
| V (\scrG i)| 1+p\alpha 

>K2\delta \cdot \Phi (\scrG i).(3.1)

Additionally, it follows from the inductive hypothesis that

| V (\scrG i+1)| = | Ui \cup Vi+1| \geq | Vi+1| \geq 
| V (\scrG i)| 

K
\geq 
\biggl( 

1

K

\biggr) i+1

n, and(3.2)

| V (\scrG i+1)| = | Ui \cup Vi+1| \leq | Ui| + | Vi+1| \leq 
| V (\scrG i)| 

K
+

| V (\scrG i)| 
K

\leq 
\biggl( 

2

K

\biggr) i+1

n,(3.3)

as desired.
We claim that the process defined above stops after at most k\ast := logK(n/N1)

steps. Indeed, suppose this is not true. Then at the k\ast -step, by (3.1), we would have

\| \scrG k\ast \| 
| V (\scrG k\ast )| 1+p\alpha 

=\Phi (\scrG k\ast )\geq 
\bigl( 
K2\delta 

\bigr) k\ast \cdot \Phi (\scrG 0)\geq CK2\delta k\ast .(3.4)

It is trivially true that

\| \scrG k\ast \| 
| V (\scrG k\ast )| 1+p\alpha 

=

\sum 
v\in V (\scrG k\ast )

dp\scrG k\ast 
(v)

| V (\scrG k\ast )| 1+p\alpha 
\leq | V (\scrG k\ast )| \cdot | V (\scrG k\ast )| p(r - 1)

| V (\scrG k\ast )| 1+p\alpha 

= | V (\scrG k\ast )| p(r - 1 - \alpha ) \leq | V (\scrG k\ast )| .

Combining this with (3.3) and (3.4), we obtain

CK2\delta k\ast \leq | V (\scrG k\ast )| \leq 
\biggl( 

2

K

\biggr) k\ast 

n.

It follows that

n\geq CK2\delta k\ast 

\biggl( 
K

2

\biggr) k\ast 

=C

\biggl( 
K2\delta 

2

\biggr) k\ast 

Kk\ast \geq CK\delta k\ast Kk\ast =C

\biggl( 
n

N1

\biggr) 1+\delta 

,

which is a contradiction since C,\delta ,N1 > 0 are fixed and n is sufficiently large. There-
fore, the process defined above stops after at most k\ast := logK(n/N1) steps.

Recalling that k is the final step of the process, and using (3.2), we have

| V (\scrG k)| \geq 
\biggl( 

1

K

\biggr) k

n\geq 
\biggl( 

1

K

\biggr) k\ast 

n\geq N1.

This means that the process stopped due to\sum 
v\in Uk

dp\scrG k
(v)< \varepsilon 1 \| \scrG k\| p .(3.5)
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1721

Let \scrH denote the induced subgraph of \scrG k on W := V (\scrG k) \setminus Uk and let m := | W | .
Recall that

Uk :=

\biggl\{ 
v \in V (\scrG k) : d

p
\scrG k
(v)\geq 

K \cdot \| \scrG k\| p
| V (\scrG k)| 

\biggr\} 
.

We will show that \scrH satisfies the assertions in Lemma 3.1.
Let \scrR := \scrG k \setminus \scrH . Note that every edge in \scrR contains at least one vertex from Uk.

Therefore, \sum 
v\in W

d\scrR (v)\leq (r - 1) \cdot | \scrR | \leq (r - 1) \cdot 
\sum 
v\in Uk

d\scrR (v).

Since \scrR \subseteq \scrG k, it follows from the definition of Uk and (3.5) that

\sum 
v\in W

dp\scrR (v)\leq 
\sum 
v\in W

d\scrR (v) \cdot dp - 1
\scrG k

(v)\leq 
\sum 
v\in W

d\scrR (v) \cdot 
\biggl( 
K \cdot \| \scrG k\| p
| V (\scrG k)| 

\biggr) p - 1
p

\leq (r - 1) \cdot 
\sum 
v\in Uk

d\scrR (v) \cdot 
\biggl( 
K \cdot \| \scrG k\| p
| V (\scrG k)| 

\biggr) p - 1
p

\leq (r - 1) \cdot 
\sum 
v\in Uk

d\scrG k
(v) \cdot dp - 1

\scrG k
(v)

= (r - 1) \cdot 
\sum 
v\in Uk

dp\scrG k
(v)< (r - 1)\varepsilon 1 \| \scrG k\| p .

If, for the sake of contradiction, it holds that
\sum 

v\in W dp\scrH (v) = \| \scrG \| p < (1  - \varepsilon )\| \scrG k\| p,
then it follows from the inequality above that\sum 

v\in W

dp\scrG k
(v) =

\sum 
v\in W

(d\scrH (v) + d\scrR (v))
p

\leq 

\left(  \Biggl( \sum 
v\in W

dp\scrH (v)

\Biggr) 1/p

+

\Biggl( \sum 
v\in W

dp\scrR (v)

\Biggr) 1/p
\right)  p

\leq 
\biggl( 
\| \scrG \| 1/pp +

\Bigl( 
(r - 1)\varepsilon 1 \| \scrG k\| p

\Bigr) 1/p\biggr) p

<

\biggl( \Bigl( 
(1 - \varepsilon )\| \scrG k\| p

\Bigr) 1/p
+
\Bigl( 
(r - 1)\varepsilon 1 \| \scrG k\| p

\Bigr) 1/p\biggr) p

=
\Bigl( 
(1 - \varepsilon )1/p + (r - 1)1/p\varepsilon 

1/p
1

\Bigr) p
\| \scrG k\| p = (1 - \varepsilon 1)

p \| \scrG k\| p ,

where the first inequality follows from Fact 2.3 and the last equality follows from the
definition of \varepsilon 1. Combining this with (3.5), we obtain

\| \scrG k\| p =
\sum 
v\in Uk

dp\scrG k
(v) +

\sum 
v\in W

dp\scrG k
(v)< \varepsilon 1 \| \scrG k\| p + (1 - \varepsilon 1)

p \| \scrG k\| p \leq \| \scrG k\| p ,

a contradiction. Therefore, we have

\| \scrG \| p \geq (1 - \varepsilon )\| \scrG k\| p ,(3.6)

which implies that

\Phi (\scrH ) =
\| \scrG \| p
m1+p\alpha 

\geq 
(1 - \varepsilon )\| \scrG k\| p
| V (\scrG k)| 1+p\alpha 

\geq (1 - \varepsilon )
\| \scrG 0\| p

| V (\scrG 0)| 1+p\alpha 
\geq (1 - \varepsilon )C.
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1722 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

Here, we used the fact that

\Phi (\scrG k)\geq K2\delta \cdot \Phi (\scrG k - 1)\geq \cdot \cdot \cdot \geq K2k\delta \cdot \Phi (\scrG 0)\geq \Phi (\scrG 0)\geq C.

This completes the proof of Lemma 3.1(i).

Next, we prove Lemma 3.1(ii). Note that by W = V (\scrG k)\setminus | Uk| and | Uk| \leq | V (\scrG k)| 
K ,

we have | W | \geq | V (\scrG k)|  - | V (\scrG k)| 
K . Recall the following results that we have established.

Claim 3.2. We have the following:
(i) | V (\scrG k)|  - | V (\scrG k)| 

K \leq | W | =m\leq | V (\scrG k)| .
(ii)

\bigl( 
1
K

\bigr) k
n\leq | V (\scrG k)| \leq 

\bigl( 
2
K

\bigr) k
n.

(iii) K2k\delta C \leq \| \scrG k\| p

| V (\scrG k)| 1+p\alpha \leq | V (\scrG k)| 1+p(r - 1)

| V (\scrG k)| 1+p\alpha = | V (\scrG k)| p(r - 1 - \alpha ) = | V (\scrG k)| 1 - 4\delta .

It follows from Claim 3.2(ii) and (iii) that

K2k\delta C \leq | V (\scrG k)| 1 - 4\delta \leq 

\Biggl( \biggl( 
2

K

\biggr) k

n

\Biggr) 1 - 4\delta 

.

Since K\delta \geq 21+p(r - 1) \geq 2p(r - 1 - \alpha ) = 21 - 4\delta , the inequality above implies that

n1 - 4\delta \geq K2k\delta CKk(1 - 4\delta )

2k(1 - 4\delta )
\geq K2k\delta CKk(1 - 4\delta )

Kk\delta 
=Kk(1 - 3\delta )C.

It follows that Kk \leq n
1 - 4\delta 
1 - 3\delta C - 1

1 - 3\delta . Therefore,

m\geq | V (\scrG k)|  - 
| V (\scrG k)| 

K
\geq | V (\scrG k)| 

2
\geq 1

2

\biggl( 
1

K

\biggr) k

n\geq C
1

1 - 3\delta n
\delta 

1 - 3\delta 

2
,

proving Lemma 3.1(ii).
It follows from the definition of Uk and \| \scrH \| p \geq (1 - \varepsilon )\| \scrG k\| p (by (3.6)) that

\Delta (\scrH )<

\biggl( 
K \cdot \| \scrG k\| p
| V (\scrG k)| 

\biggr) 1/p

\leq 
\biggl( 

K \cdot \| \scrH \| p
(1 - \varepsilon )| V (\scrG k)| 

\biggr) 1/p

\leq 
\biggl( 
K \cdot \| \scrH \| p
(1 - \varepsilon )m

\biggr) 1/p

.(3.7)

This proves Lemma 3.1(iii).
Finally, it follows from

\| \scrH \| p =
\sum 
v\in W

dp\scrH (v)\leq 
\sum 
v\in W

d\scrH (v) \cdot (\Delta (\scrH ))
p - 1

= r \cdot | \scrH | \cdot (\Delta (\scrH ))
p - 1

and (3.7) that

| \scrH | \geq 
\| \scrH \| p

r (\Delta (\scrH ))
p - 1 >

\| \scrH \| p

r
\Bigl( 

K\cdot \| \scrH \| p

(1 - \varepsilon )m

\Bigr) p - 1
p

=
1

r

\biggl( 
(1 - \varepsilon )m

K

\biggr) p - 1
p

\| \scrH \| 1/pp .

Combining this with \| \scrH \| p \geq (1 - \varepsilon )\| \scrG k\| p \geq (1 - \varepsilon )Cm1+p\alpha (by (3.6) and Claim 3.2(iii)),
we obtain

| \scrH | > 1

r

\biggl( 
(1 - \varepsilon )m

K

\biggr) p - 1
p \bigl( 

(1 - \varepsilon )Cm1+p\alpha 
\bigr) 1/p

=
(1 - \varepsilon )C1/pm1+\alpha 

rK
p - 1
p

,

which proves Lemma 3.1(iv).
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1723

4. Proof of Theorem 1.2. In this section, we prove Theorem 1.2. This will be
achieved through the following two propositions, first addressing the case p < 1

r - 1 - \alpha .

Proposition 4.1. Let r \geq 2 be an integer. Suppose that \scrF is a degenerate
family of r-graphs satisfying ex(n,\scrF ) =O(n1+\alpha ) for some constant \alpha . Then for every
p\in (1, 1

r - 1 - \alpha ), there exists a constant C\scrF such that for all sufficiently large n,

exp(n,\scrF )\leq C\scrF \cdot n1+p\alpha .

In particular, if ex(n,\scrF ) =\Theta (n1+\alpha ), then together with (2.1),

exp(n,\scrF ) =\Theta (n1+p\alpha ) for every p\in 
\biggl( 
1,

1

r - 1 - \alpha 

\biggr) 
.

Proof of Proposition 4.1. Let C,N0 > 0 be constants such that ex(n,\scrF )\leq Cn1+\alpha 

for every n\geq N0. Let \delta :=
1 - (r - 1 - \alpha )p

4 \in 
\bigl( 
0, 14
\bigr) 
. Fix \varepsilon := 1

2 and letK =K(r,\alpha , p, \varepsilon ) and
N2 =N0(r,\alpha , p, \varepsilon ) be the constants returned by Lemma 3.1. Let C\scrF := 2prpKp - 1Cp

and N1 :=max\{ N2, (2N0)
1 - 3\delta 

\delta /C
1/\delta 
\scrF \} .

Suppose to the contrary that there exists an \scrF -free r-graph \scrG on n\geq N1 vertices
with \| \scrG \| p > C\scrF \cdot n1+p\alpha . Then, by Lemma 3.1, there exists a subgraph \scrH \subseteq \scrG on

m \geq (C
1/\delta 
\scrF n)

\delta 
1 - 3\delta /2 \geq N0 vertices with | \scrH | > (1 - \varepsilon )C

1/p
\scrF m1+\alpha /(rK

p - 1
p ) = Cm1+\alpha ,

contradicting the \scrF -freeness of \scrH \subseteq \scrG .
Next, we consider the case p > 1

r - 1 - \alpha .

Proposition 4.2. Let r\geq 2 be an integer. Suppose that \scrF is a degenerate family
of r-graphs satisfying ex(n,\scrF ) =O(n1+\alpha ) for some constant \alpha \in (r - 2, r - 1). Then
for every p > 1

r - 1 - \alpha ,

exp(n,\scrF )\leq (\tau part(\scrF ) - 1 + o(1))

\biggl( 
n

r - 1

\biggr) p

.

Proof of Proposition 4.2. Let F \in \scrF be an r-partite r-graph satisfying \tau part(F ) =
\tau part(\scrF ). Let A1 \cup \cdot \cdot \cdot \cup Ar = V (F ) be an r-partition of F with | A1| \leq \cdot \cdot \cdot \leq | Ar| and
| A1| = \tau part(F ). Let si := | Ai| for i \in [r]. Note that s1 = | A1| = \tau part(F ) = \tau part(\scrF ).
Let the (r - 1)-partite (r - 1)-graph F1 on A2 \cup \cdot \cdot \cdot \cup Ar be defined as

F1 :=
\bigcup 

v\in A1

LF (v).

By Theorem 2.7, there exist constants \delta > 0 and C > 0 such that ex(n,F1)\leq Cnr - 1 - \delta 

for every n \in \BbbN . By reducing \delta , we may assume that \delta \leq min\{ 1
s1\cdot \cdot \cdot sr - 1

, 12\} . Let

p\ast :=
1

r - 1 - \alpha . Let \delta 1 > 0 be a sufficiently small constant such that, in particular,

\delta 1 <min

\biggl\{ 
p - p\ast ,

2 + \alpha  - r

p - p\ast 

\biggr\} 
and \delta 2 := \delta 1 +

\delta 1
r - 1 - \alpha 

<min

\biggl\{ 
\delta 

s1
,
p - 1

p

\biggr\} 
.

Fix an arbitrary small constant \varepsilon > 0. Let n be sufficiently large. Suppose to the
contrary that there exists an n-vertex \scrF -free r-graph \scrH with

\| \scrH \| p \geq (\tau part(\scrF ) - 1 + \varepsilon )

\biggl( 
n

r - 1

\biggr) p

= (s1  - 1 + \varepsilon )

\biggl( 
n

r - 1

\biggr) p

.

Let

V := V (\scrH ), U :=
\bigl\{ 
v \in V : d\scrH (v)\geq nr - 1 - \delta 1

\bigr\} 
, V1 := V \setminus U, and \scrH 1 :=\scrH [V1].
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1724 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

Claim 4.3. We have | U | \leq n\delta 2 .

Proof of Claim 4.3. Suppose to the contrary that this is not true. Let U \prime \subseteq U be
a set of size n\delta 2 . By Proposition 2.6, there exists a set V \prime \prime \subseteq V of size n\delta 2 such that
the induced subgraph \scrH [U \prime \prime \cup V \prime \prime ] satisfies

| \scrH [U \prime \prime \cup V \prime \prime ]| \geq 1

r

\sum 
v\in U \prime \prime 

d\scrH [U \prime \prime \cup V \prime \prime ](v)\geq 
1

r
(1 + o(1))

\biggl( 
n\delta 2

n

\biggr) r - 1 \sum 
v\in U \prime \prime 

d\scrH (v)

\geq 1

2r
n - (r - 1)(1 - \delta 2) \cdot n\delta 2 \cdot nr - 1 - \delta 1 =

nr\delta 2 - \delta 1

2r
.

Since r\delta 2  - \delta 1  - \delta 2(1 + \alpha ) = \delta 2(r - 1 - \alpha ) - \delta 1 = (r - 1 - \alpha )\delta 1, we have

| \scrH [U \prime \prime \cup V \prime \prime ]| \geq nr\delta 2 - \delta 1

2r
=

n(r - 1 - \alpha )\delta 1

22+\alpha r
\cdot 
\bigl( 
2n\delta 2

\bigr) 1+\alpha 
> ex(2n\delta 2 ,\scrF )\geq ex (| U \prime \prime \cup V \prime \prime | ,\scrF ) ,

a contradiction.

Claim 4.4. We have\sum 
v\in U

d\scrH (v)\leq 
\biggl( 
s1  - 1 +

2\varepsilon 

3

\biggr) \biggl( 
n

r - 1

\biggr) 
, and(4.1)

\| \scrH 1\| p \geq 
\biggl( \Bigl( \varepsilon 

3

\Bigr) 1/p
 - 
\Bigl( \varepsilon 
4

\Bigr) 1/p\biggr) p\biggl( 
n

r - 1

\biggr) p

.(4.2)

Proof of Claim 4.4. Let \scrS be the collection of edges in \scrH that contain exactly one
vertex from U . Note that \scrS = \scrS [U,V1] is a semibipartite r-graph. Since F \subseteq Kr

s1,...,sr
and \scrS is F -free, it follows from Proposition 2.9 and Claim 4.3 that

| \scrS | \leq (s2 + \cdot \cdot \cdot + sr  - r+ 1)
1
s1

r - 1
| U | nr - 1 - 1

s1\cdot \cdot \cdot sr - 1 + (s1  - 1)

\biggl( 
n

r - 1

\biggr) 
\leq (s2 + \cdot \cdot \cdot + sr  - r+ 1)

1
s1

r - 1
n
r - 1 - 1

s1\cdot \cdot \cdot sr - 1
+\delta 2 + (s1  - 1)

\biggl( 
n

r - 1

\biggr) 
\leq \varepsilon 

2

\biggl( 
n

r - 1

\biggr) 
+ (s1  - 1)

\biggl( 
n

r - 1

\biggr) 
.

Let \scrS 2 denote the set of edges in \scrH that contain at least two vertices from U . It is
clear that

| \scrS 2| \leq | U | 2
\biggl( 

n

r - 2

\biggr) 
\leq n2\delta 2

\biggl( 
n

r - 2

\biggr) 
\leq \varepsilon 

6r

\biggl( 
n

r - 1

\biggr) 
.

Therefore,\sum 
v\in U

d\scrH (v)\leq | \scrS | + r \cdot | \scrS 2| \leq 
\varepsilon 

2

\biggl( 
n

r - 1

\biggr) 
+ (s1  - 1)

\biggl( 
n

r - 1

\biggr) 
+ r \cdot \varepsilon 

6r

\biggl( 
n

r - 1

\biggr) 
=

\biggl( 
s1  - 1 +

2\varepsilon 

3

\biggr) \biggl( 
n

r - 1

\biggr) 
.(4.3)

This proves (4.1).
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1725

Next, we prove (4.2). First, note that for every v \in V1, we have

d\scrH (v) - d\scrH 1
(v)\leq | U | 

\biggl( 
n

r - 2

\biggr) 
\leq nr - 2+\delta 2 .

Therefore, by the assumption that \delta 2 <
p - 1
p , we have

\sum 
v\in V1

(d\scrH (v) - d\scrH 1
(v))

p \leq | V1| \cdot np(r - 2+\delta 2) \leq np(r - 2+\delta 2)+1 \leq \varepsilon 

4

\biggl( 
n

r - 1

\biggr) p

.

Consequently, it follows from Fact 2.3 that\Biggl( \sum 
v\in V1

dp\scrH (v)

\Biggr) 1/p

=

\Biggl( \sum 
v\in V1

(d\scrH 1(v) + d\scrH (v) - d\scrH 1(v))
p

\Biggr) 1/p

\leq 

\Biggl( \sum 
v\in V1

dp\scrH 1
(v)

\Biggr) 1/p

+

\Biggl( \sum 
v\in V1

(d\scrH (v) - d\scrH 1(v))
p

\Biggr) 1/p

\leq \| \scrH 1\| 1/pp +
\Bigl( \varepsilon 
4

\Bigr) 1/p\biggl( n

r - 1

\biggr) 
.

Suppose to the contrary that \| \scrH 1\| p < (( \varepsilon 3 )
1/p  - ( \varepsilon 4 )

1/p)p
\bigl( 

n
r - 1

\bigr) p
. Then it follows from

(4.3) and the inequality above that

\| \scrH \| p =
\sum 
v\in U

dp\scrH (v) +
\sum 
v\in V1

dp\scrH (v)

<
\sum 
v\in U

d\scrH (v) \cdot 
\biggl( 

n

r - 1

\biggr) p - 1

+

\biggl( \biggl( \Bigl( \varepsilon 
3

\Bigr) 1/p
 - 
\Bigl( \varepsilon 
4

\Bigr) 1/p\biggr) \biggl( n

r - 1

\biggr) 
+
\Bigl( \varepsilon 
4

\Bigr) 1/p\biggl( n

r - 1

\biggr) \biggr) p

\leq 
\biggl( 
s1  - 1 +

2\varepsilon 

3

\biggr) \biggl( 
n

r - 1

\biggr) p

+
\varepsilon 

3

\biggl( 
n

r - 1

\biggr) p

= (s1  - 1 + \varepsilon )

\biggl( 
n

r - 1

\biggr) p

,

a contradiction. This proves (4.2).

Let \^p := 1 - (p - p\ast )\delta 1
r - 1 - \alpha < p\ast < p. Since \alpha > r  - 2 and \delta 1 \leq 2+\alpha  - r

p - p\ast 
, we have \^p\geq 1. It

follows from Fact 2.4 and (4.2) that there exists a constant \varepsilon 1 > 0 satisfying

\| \scrH 1\| \^p \geq 
\| \scrH 1\| p

(\Delta (\scrH 1))
p - \^p

\geq 
\| \scrH 1\| p

(nr - 1 - \delta 1)
p - \^p

\geq \varepsilon 1n
p(r - 1)

(nr - 1 - \delta 1)
p - \^p

= \varepsilon 1n
\^p(r - 1 - \alpha )+(p - \^p)\delta 1+\^p\alpha 

= \varepsilon 1n
1 - (p - p\ast )\delta 1+(p - \^p)\delta 1+\^p\alpha 

= \varepsilon 1n
1+\^p\alpha +(p\ast  - \^p)\delta 1 .

Since (p\ast  - \^p)\delta 1 > 0 and n is sufficiently large, we have \| \scrH 1\| \^p \gg n1+\^p\alpha , which, by
Proposition 4.1, implies that \| \scrH 1\| \^p > ex\^p(n,\scrF ), a contradiction. This completes the
proof of Proposition 4.2.

5. Proof of Theorem 1.3. We present the proof of Theorem 1.3 in this section.
The following result will be useful for the proof.

Proposition 5.1. Let r \geq 2 be an integer and p\geq 1 be a real number. Suppose
that \scrG = \scrG [V1, . . . , Vr] is an r-partite r-graph with min\{ | Vi| : i \in [r]\} \geq 2. Then there
exists a nonempty set U \subseteq V1 such that
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1726 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

| \scrG [U,V2, . . . , Vr]| \geq 
| U | 1 - 

1
p

2

\biggl( \sum 
v\in V1

dp\scrG (v)

\lceil log (| V2| \cdot \cdot \cdot | Vr| )\rceil 

\biggr) 1/p

\geq | U | 1 - 
1
p

4

\biggl( \sum 
v\in V1

dp\scrG (v)

log (| V2| \cdot \cdot \cdot | Vr| )

\biggr) 1/p

.

Proof of Proposition 5.1. Let N := | V2| \cdot \cdot \cdot | Vr| and t := \lceil logN\rceil . For each i \in [t],
let

Ui :=
\bigl\{ 
v \in V1 : d\scrG (v)\in [2i - 1,2i)

\bigr\} 
.

Since
\sum 

v\in V1
dp\scrG (v) =

\sum 
i\in [t]

\sum 
v\in Ui

dp\scrG (v), by the Pigeonhole Principle, there exists
i\ast \in [t] such that

\sum 
v\in Ui\ast 

dp\scrG (v)\geq 
\sum 

v\in V1
dp\scrG (v)

t
.

Let U :=Ui\ast and m := | U | . It follows from the definition of Ui\ast that

m \cdot 2pi\ast = | U | \cdot 2pi\ast \geq 
\sum 

v\in Ui\ast 

dp\scrG (v)\geq 
\sum 

v\in V1
dp\scrG (v)

t
,

which implies that

2i\ast  - 1 \geq 1

2

\biggl( \sum 
v\in V1

dp\scrG (v)

m \cdot t

\biggr) 1/p

.

Therefore,

| \scrG [U,V2, . . . , Vr]| =
\sum 
v\in U

d\scrG (v)\geq m \cdot 2i\ast  - 1 \geq 1

2

\biggl( \sum 
v\in V1

dp\scrG (v)

t

\biggr) 1/p

m1 - 1
p .

This proves Proposition 5.1.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Recall that p\ast := 1
r - 1 - \alpha . Let n be sufficiently large.

Suppose that \scrG is an \scrF -free r-graph on n vertices. By Proposition 2.8, there exists
a balanced r-partition V1 \cup \cdot \cdot \cdot \cup Vr = V (\scrG ) such that the r-partite subgraph \scrH :=
\scrG [V1, . . . , Vr] satisfies

\| \scrH \| p\ast 
\geq 
\biggl( 
r!

rr
+ o(1)

\biggr) p\ast 

\| \scrG \| p\ast 
\geq 1

2

\biggl( 
r!

rr

\biggr) p\ast 

\| \scrG \| p\ast 
.

Since \| \scrH \| p\ast 
=
\sum 

i\in [r]

\sum 
v\in Vi

dp\ast 
\scrH (v), by the Pigeonhole Principle, there exists Vi such

that

\sum 
v\in Vi

dp\ast 
\scrH (v)\geq 

\| \scrH \| p\ast 

r
\geq 1

2r

\biggl( 
r!

rr

\biggr) p\ast 

\| \scrG \| p\ast 
.

By symmetry, we may assume that i= 1.
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1727

Applying Proposition 5.1 to \scrH , we obtain a nonempty set U \subseteq V1 of size m for
some m\leq | V1| such that

| \scrH [U,V2, . . . , Vr]| \geq 
| U | 1 - 

1
p\ast 

4

\biggl( \sum 
v\in V1

dp\ast 
\scrH (v)

log (| V2| \cdot \cdot \cdot | Vr| )

\biggr) 1/p\ast 

\geq m1 - 1
p\ast 

4

\biggl( 
1

2r

\biggl( 
r!

rr

\biggr) p\ast \| \scrG \| p\ast 

r \cdot logn

\biggr) 1/p\ast 

=
m1+\alpha  - (r - 1)

4

\biggl( 
1

2r

\biggl( 
r!

rr

\biggr) p\ast \| \scrG \| p\ast 

r \cdot logn

\biggr) 1/p\ast 

.

Since ex(n,\scrF ) = O(n1+\alpha ), it follows from Proposition 2.10 that | \scrH [U,V2, . . . , Vr]| \leq 
C\scrF m

1+\alpha  - (r - 1)nr - 1 for some constant C\scrF > 0. Therefore,

m1+\alpha  - (r - 1)

4

\biggl( 
1

2r

\biggl( 
r!

rr

\biggr) p\ast \| \scrG \| p\ast 

r \cdot logn

\biggr) 1/p\ast 

\leq C\scrF m
1+\alpha  - (r - 1)nr - 1,

which implies that

\| \scrG \| p\ast 
\leq Cp\ast 

\scrF \cdot 4p\ast \cdot 2r \cdot 
\biggl( 
rr

r!

\biggr) p\ast 

r logn \cdot np\ast (r - 1) =Cp\ast 
\scrF 22p

\ast +1r

\biggl( 
rr

r!

\biggr) p\ast 

np\ast (r - 1) logn.

This proves Theorem 1.3.

6. Proof of Theorem 1.4. In this section, we prove Theorem 1.4. For con-
venience, for every integer \ell \geq 3, let C\leq 2\ell := \{ C4,C6, . . . ,C2\ell \} . The following two
theorems will be useful for us.

Theorem 6.1 (Lam and Verstra\"ete [LV05]). Let \ell \geq 3 be an integer. For every
n\in \BbbN ,

ex(n,C\leq 2\ell )\leq 
1

2
n1+ 1

\ell + 2\ell 
2

n=

\biggl( 
1

2
+ o(1)

\biggr) 
n1+ 1

\ell .

Theorem 6.2 (Naor and Verstra\"ete [NV05]). Let \ell \geq 2 be an integer. Then

ex(m,n,C\leq 2\ell )\leq 

\left\{   4
\Bigl( 
(nm)

1
2+

1
2\ell + n+m

\Bigr) 
, if \ell is odd,

4
\Bigl( 
(nm)

1
2m

1
\ell + n+m

\Bigr) 
, if \ell is even.

In particular, for every \ell \geq 2 and for every n\geq m\geq 1,

ex(m,n,C\leq 2\ell )\leq 4
\Bigl( 
(nm)

1
2+

1
2\ell + n+m

\Bigr) 
,

and if m\leq n
\ell  - 1
\ell +1 , then ex(m,n,C\leq 2\ell )\leq 4(n+ n+m)\leq 12n.

Recall that an ordered sequence of vertices v1, . . . , v\ell +1 \in V (G) is a walk of length
\ell in a graph G if vivi+1 \in G for all i \in [\ell ]. We use W\ell +1(G) to denote the number of
walks of length \ell in G.

The following result will be useful for the proof of Theorem 1.4(i). The case where
k is even appears in [ES82, Theorem 4], while the case where both k and \ell are odd
follows from the more general result of Sa\u glam [Sa\u g18, Theorem 1.3].
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1728 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

Theorem 6.3 (Erd\H os and Simonovits [ES82]; Sa\u glam [Sa\u g18]). Suppose that
k \geq \ell \geq 1 are integers such that k is even or \ell is odd. Then for every graph G on n
vertices, we have \biggl( 

Wk+1(G)

n

\biggr) 1/k

\geq 
\biggl( 
W\ell +1(G)

n

\biggr) 1/\ell 

.

Proposition 6.4. For every graph G we have

W4(G)\geq 
\| G\| 23/2
| V (G)| 

.

Proof of Proposition 6.4. It follows from the Cauchy--Schwarz inequality that\Biggl( \sum 
uv\in G

d
1/2
G (v)

\Biggr) 2

=

\Biggl( \sum 
uv\in G

(dG(u)dG(v))
1/2 \cdot 

\biggl( 
1

dG(u)

\biggr) 1/2
\Biggr) 2

\leq 

\Biggl( \sum 
uv\in G

dG(u)dG(v)

\Biggr) 
\cdot 

\Biggl( \sum 
uv\in G

d - 1
G (u)

\Biggr) 
.

Consequently,

W4(G) =
\sum 
uv\in G

dG(u)dG(v)\geq 

\Bigl( \sum 
uv\in G d

1/2
G (v)

\Bigr) 2
\sum 

uv\in G d - 1
G (u)

=

\Bigl( \sum 
v\in V (G) d

1/2
G (v) \cdot dG(v)

\Bigr) 2
\sum 

u\in V (G) d
 - 1
G (u) \cdot dG(u)

=
\| G\| 23/2
| V (G)| 

,

as desired.

First, we prove the upper bound for ex\ell /(\ell  - 1)(n,\{ C4, . . . ,C2\ell \} ).

Proof of Theorem 1.4(i). Fix an integer \ell \geq 3. Let p := \ell 
\ell  - 1 . Let C := 52 \cdot 2p <

765/3p and let \varepsilon > 0 be sufficiently small. Notice from Proposition 2.8 that for
large n,

exp(n,C\leq 2\ell )\leq exp(2n,C\leq 2\ell )\leq (2 + o(1))p \cdot exp(n,n,C\leq 2\ell )\leq 3p \cdot exp(n,n,C\leq 2\ell ).

So it suffices to prove that exp(n,n,C\leq 2\ell ) < Cnp for all large n. Suppose to the
contrary that this fails. Then there exists a C\leq 2\ell -free bipartite graph G = G[V1, V2]
with | V1| = | V2| = n such that \| G\| p =Cnp. By symmetry, we may assume that

\sum 
v\in V1

dpG(v)\geq 
1

2

\Biggl( \sum 
v\in V1

dpG(v) +
\sum 
v\in V2

dpG(v)

\Biggr) 
=

\| G\| p
2

\geq C

2
np.(6.1)

Let

U1 :=
\bigl\{ 
v \in V1 : dG(v)\geq n1 - \varepsilon 

\bigr\} 
and U2 :=

\Bigl\{ 
v \in V1 : dG(v)\in [n1/\ell +\varepsilon , n1 - \varepsilon )

\Bigr\} 
.

Claim 6.5. We have
\sum 

v\in U1
dpG(v)\leq 12np.
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1729

Proof of Claim 6.5. Since G is C\leq 2\ell -free, it follows from Theorem 6.1 (see also
[AHL02]) that | G| \leq ex(2n,C\leq 2\ell )\leq (21/\ell + o(1))n1+1/\ell \leq 2n1+1/\ell . Therefore,

| U1| \leq 
| G| 
n1 - \varepsilon 

\leq 2n1+1/\ell 

n1 - \varepsilon 
= 2n1/\ell +\varepsilon .

Since 1
\ell + \varepsilon < \ell  - 1

\ell +1 for \ell \geq 3, it follows from Theorem 6.2 that

| G[U1, V2]| \leq 12n.

Combining this with Fact 2.4, we obtain\sum 
v\in U1

dpG(v)\leq 
\sum 
v\in U1

dG(v) \cdot np - 1 = | G[U1, V2]| \cdot np - 1 \leq 12np,

which proves Claim 6.5.

Claim 6.6. We have
\sum 

v\in U2
dpG(v)\leq np.

Proof of Claim 6.6. Let t := \lceil logn\rceil . For every i\in [t], let

Wi :=
\Bigl\{ 
v \in U2 : dG(v)\in [2i - 1 \cdot n1/\ell +\varepsilon ,2i \cdot n1/\ell +\varepsilon )

\Bigr\} 
.

Suppose to the contrary that
\sum 

v\in U2
dpG(v)>np. Then, it follows from the Pigeonhole

Principle that there exists i\in [t] with

\sum 
v\in Wi

dpG(v)\geq 
\sum 

v\in U2
dpG(v)

t
\geq np

t
.

Let \beta \in [1/\ell + \varepsilon ,1 - \varepsilon ] be the real number such that n\beta = 2i - 1n1/\ell +\varepsilon . It follows from
the definition of Wi that\sum 

v\in Wi

dG(v)\geq 
\sum 
v\in Wi

dpG(v)

(2n\beta )p - 1
=

\sum 
v\in Wi

dpG(v)

2p - 1n(p - 1)\beta 
\geq np - (p - 1)\beta 

2p - 1t
.

Consequently,

| G[Wi, V2]| =
\sum 
v\in Wi

dG(v) =

\Biggl( \sum 
v\in Wi

dG(v)

\Biggr) 1
2+

1
2\ell 
\Biggl( \sum 

v\in Wi

dG(v)

\Biggr) 1
2 - 

1
2\ell 

\geq 
\bigl( 
| Wi| \cdot n\beta 

\bigr) 1
2+

1
2\ell 

\biggl( 
np - (p - 1)\beta 

2p - 1t

\biggr) 1
2 - 

1
2\ell 

.

Since p= \ell 
\ell  - 1 and \beta \geq 1

\ell + \varepsilon , we have

\beta \cdot 
\biggl( 
1

2
+

1

2\ell 

\biggr) 
+ (p - (p - 1)\beta ) \cdot 

\biggl( 
1

2
 - 1

2\ell 

\biggr) 
=

1+ \beta 

2
\geq 1

2
+

1

2\ell 
+

\varepsilon 

2
.

Therefore,

| G[Wi, V2]| \geq (| Wi| \cdot n)
1
2+

1
2\ell 

n\varepsilon /2

(2p - 1t)
1
2 - 

1
2\ell 

.
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1730 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

Since \varepsilon > 0 and n is sufficiently large, it follows from Theorem 6.2 that | G[Wi, V2]| >
ex(| Wi| , | V2| ,C\leq 2\ell ), a contradiction.

Let V \prime \prime 
1 := V1 \setminus (U1 \cup U2). It follows from (6.1) and Claims 6.5 and 6.6 that

\sum 
v\in V \prime \prime 

1

dpG(v) =
\sum 
v\in V1

dpG(v) - 

\Biggl( \sum 
v\in U1

dpG(v) +
\sum 
v\in U2

dpG(v)

\Biggr) 
\geq C

2
np  - 12np  - np \geq C

4
np.

(6.2)

Let

G1 :=G[V \prime \prime 
1 , V2], \~U :=

\Bigl\{ 
v \in V2 : dG1(v)\geq n1/\ell +\varepsilon 

\Bigr\} 
, and G2 :=G[V \prime \prime 

1 , \~U ].

Similar to Claims 6.5 and 6.6, we have\sum 
v\in \~U

dpG1
(v)\leq 12np + np = 13np.

Combining this with Fact 2.4, we obtain\sum 
v\in V \prime \prime 

1

dpG2
(v)\leq 

\sum 
v\in V \prime \prime 

1

dG2(v) \cdot 
\Bigl( 
n1/\ell +\varepsilon 

\Bigr) p - 1

=
\sum 
u\in \~U

dG2(u) \cdot 
\Bigl( 
n1/\ell +\varepsilon 

\Bigr) p - 1

\leq 
\sum 
u\in \~U

dpG2
(u)\leq 13np.(6.3)

Let

V \prime \prime 
2 := V2 \setminus \~U and H :=G[V \prime \prime 

1 , V \prime \prime 
2 ].

It is clear from the definitions of V \prime \prime 
1 and V \prime \prime 

2 that \Delta (H)\leq n1/\ell +\varepsilon .

Claim 6.7. We have \| H\| p \geq 
\sum 

v\in V \prime \prime 
1
dpH(v)\geq 4np.

Proof of Claim 6.7. Suppose to the contrary that
\sum 

v\in V \prime \prime 
1
dpH(v) < 4np. Then it

follows from Fact 2.3 and (6.3) that

\sum 
v\in V \prime \prime 

1

dpG(v) =
\sum 
v\in V \prime \prime 

1

(dG2
(v) + dH(v))

p \leq 

\left(   
\left(  \sum 

v\in V \prime \prime 
1

dpG2
(v)

\right)  1/p

+

\left(  \sum 
v\in V \prime \prime 

1

dpH(v)

\right)  1/p
\right)   

p

\leq 
\Bigl( 
(13np)

1/p
+ (4np)

1/p
\Bigr) p

<
C

4
np,

contradicting (6.2). Therefore,
\sum 

v\in V \prime \prime 
1
dpH(v)\geq 4np.

Claim 6.8. We have W\ell +1(H)\geq 4\ell  - 1n2.

Proof of Claim 6.8. It follows from Theorem 6.3, Proposition 6.4, and Corol-
lary 2.5 that\biggl( 

W\ell +1(H)

v(H)

\biggr) 1/\ell 

\geq 
\biggl( 
W4(H)

v(H)

\biggr) 1/3

\geq 

\Biggl( 
\| H\| 23/2
(v(H))2

\Biggr) 1/3

=

\Biggl( 
\| H\| 3/2
v(H)

\Biggr) 2/3

\geq 

\Biggl( 
\| H\| \ell 

\ell  - 1

v(H)

\Biggr) \ell  - 1
\ell 

.
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1731

Combining this with Claim 6.7, we obtain

W\ell +1(H)\geq v(H) \cdot 

\Biggl( 
\| H\| \ell 

\ell  - 1

v(H)

\Biggr) \ell  - 1

=
\| H\| \ell  - 1

\ell 
\ell  - 1

(v(H))
\ell  - 2

\geq (4np)
\ell  - 1

n\ell  - 2
= 4\ell  - 1n2.

This proves Claim 6.8.

It follows from Claim 6.8 that the number of paths of length \ell in H, denoted by
P\ell +1(H), satisfies

P\ell +1(H)\geq 1

2

\biggl( 
W\ell +1(H) - 

\biggl( 
\ell + 1

2

\biggr) 
\cdot 2n \cdot (\Delta (H))

\ell  - 1

\biggr) 
\geq 1

2

\biggl( 
4\ell  - 1n2  - 2

\biggl( 
\ell + 1

2

\biggr) 
n1+( 1

\ell +\varepsilon )(\ell  - 1)

\biggr) 
>

\biggl( 
2n

2

\biggr) 
.

Therefore, there exist two paths of length \ell that share the same endpoints. Since
H is bipartite, this implies that G contains a copy of C2i for some i \in [2, \ell ], a
contradiction.

Theorem 1.4(ii) is an immediate consequence of Theorem 1.4(i) and the following
theorem.

Theorem 6.9 (F\"uredi, Naor, and Verstra\"ete [FNV06, Theorem 3.2]). Every
C6-free bipartite graph G contains a \{ C4,C6\} -free subgraph H such that for every
v \in V (G),

dH(v)\geq dG(v)

2
.

Next, we present the proof of Theorem 1.4(iii). The proof is a minor adaption of
the Dependent Random Choice (see, e.g., [FS11]).

Proof of Theorem 1.4(iii). Let F = F [W1,W2] be a bipartite graph such that

dF (v) \leq s for every v \in W2. Let t := | W2| . Let C := 2( | V (F )| s
s! + | V (F )| ). Let

G=G[V1, V2] be an n by n bipartite graph with \| G\| s \geq Cns.

By symmetry, we may assume that
\sum 

v\in V1
dsG(v)\geq 

\| G\| s

2 \geq Cns

2 . Choose uniformly
at random s vertices (with repetitions allowed) v1, . . . , vs from V2. Let X :=NG(v1)\cap 
\cdot \cdot \cdot \cap NG(vs)\subseteq V1. It is easy to see that

\BbbE [| X| ] =
\sum 
v\in V1

\biggl( 
dG(v)

n

\biggr) s

=

\sum 
v\in V1

dsG(v)

ns
\geq Cns/2

ns
=

C

2
.

We call an s-set in X bad if it has at most t common neighbors. Let Y denote
the collection of bad s-sets in X. Notice that an s-set S is contained in X only if
\{ v1, . . . , vs\} \subseteq 

\bigcap 
u\in S NG(u). Therefore,

\BbbE [| Y| ]\leq 
\biggl( 
| V1| 
s

\biggr) \biggl( 
t

n

\biggr) s

\leq ts

s!
.

It follows that

\BbbE [| X|  - | Y| ]\geq C

2
 - ts

s!
\geq | V (F )\geq | W1| .

By deleting one vertex from each bad set, we see that there exists a selection of s
vertices \{ v1, . . . , vs\} \subseteq V2 along with a set X \prime \prime \subseteq NG(v1) \cap \cdot \cdot \cdot \cap NG(vs) \subseteq V1 of size
at least | W1| such that every s-subset of X \prime \prime has at least t common neighbors. It is
clear that F can be greedily embedded into G[X \prime \prime , V2] with W1 \subseteq X \prime \prime and W2 \subseteq V2, a
contradiction.
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1732 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

7. Concluding remarks. Let F be an r-partite r-graph satisfying ex(n,F ) =
O(n1+\alpha ). Recall from Fact 1.1 and Theorem 1.2 that for every p > 1

r - 1 - \alpha , we have

(\tau ind(F ) - 1 + o(1))

\biggl( 
n

r - 1

\biggr) p

\leq exp(n,F )\leq (\tau part(F ) - 1 + o(1))

\biggl( 
n

r - 1

\biggr) p

.

Additionally, recall that this provides an asymptotically tight bound for exp(n,F ) in
the case r = 2, as \tau ind(F ) = \tau part(F ) for every bipartite graph F . Unfortunately,
the equality \tau ind(F ) = \tau part(F ) does not necessarily hold for r \geq 3, as shown by the
following example.

Let F denote the 3-graph with vertex set \{ a, b, c, a1, a2, a3, b1, b2, b3, c1, c2, c3\} and
edge set\bigl\{ 

\{ a, bi, cj\} : (i, j)\in [3]2
\bigr\} 
\cup 
\bigl\{ 
\{ ai, b, cj\} : (i, j)\in [3]2

\bigr\} 
\cup 
\bigl\{ 
\{ ai, bj , c\} : (i, j)\in [3]2

\bigr\} 
.

It is easy to verify that \tau part(F ) = 4 while \tau ind(F ) = 3 (with \{ a, b, c\} serving as a
witness).

Problem 7.1. Let r\geq 3. Suppose that \scrF is a degenerate family of r-graphs sat-
isfying ex(n,\scrF ) =O(n1+\alpha ) for some constant \alpha > 0. Determine if limn\rightarrow \infty exp(n,\scrF )/
np(r - 1) exists for p > 1

r - 1 - \alpha , and, if so, find its value.

On the other hand, drawing parallels to the Exponent Conjecture of Erd\H os and
Siminovits, we propose the following bold conjecture for hypergraphs, which, if true,
would show that Theorem 1.2 is tight in the exponent for the case p < 1

r - 1 - \alpha as well.

Conjecture 7.2. Let r \geq 3. Suppose that \scrF is a degenerate finite family of
r-graphs satisfying ex(n,\scrF ) =\Omega (n1+\alpha ) for some constant \alpha > r - 2. Then there exist
constants \beta > 0, c > 0, and C > 0 such that for all sufficiently large n,

c\leq ex(n,\scrF )

n1+\beta 
\leq C.

Remark. Several results such as those in [MYZ18, PZ21] provide some evidence
supporting this conjecture. On the other hand, examples in [RS78, FG21] show that
the requirement \alpha > r - 2 cannot be removed in general.

Recall from Theorem 1.3 that we provided a general upper bound for exp(n,\scrF )
when p is the threshold. An interesting problem is to explore whether the logn factor
can be removed from this upper bound.

Problem 7.3. Let r\geq 2 be an integer. Suppose that \scrF is a degenerate family of
r-graphs satisfying ex(n,\scrF ) =O(n1+\alpha ) for some constant \alpha > 0. Is it true that

exp\ast (n,\scrF ) =O
\Bigl( 
np\ast (r - 1)

\Bigr) 
for p\ast =

1

r - 1 - \alpha 
?

Given integers r > t\geq 1 and a real number p > 0, let the (t, p)-norm of an r-graph
\scrH be defined as

\| \scrH \| t,p :=
\sum 

T\in (V (\scrH )
t )

dp\scrH (T ).

Similarly, for a family \scrF of r-graphs, define the (t, p)-norm Tur\'an number of \scrF as

ext,p(n,\scrF ) :=max
\Bigl\{ 
\| \scrH \| t,p : v(\scrH ) = n and \scrH is \scrF -free

\Bigr\} 
.

The (t, p)-norm Tur\'an number ext,p(n,\scrF ) was systematically studied in [CIL+24] for
nondegenerate families \scrF . However, many degenerate cases remain unexplored.
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DEGENERATE TUR\'AN PROBLEMS IN p-NORMS 1733

Problem 7.4. Let r > t \geq 2 be integers and \scrF be a finite family of r-partite
r-graphs such that ex(n,\scrF ) = n\beta +o(1). Determine the exponent of ext,p(n,\scrF ) for all
p > 1.

Given two graphs Q and G, we use N(Q,G) to denote the number of copies of Q
in G. The generalized Tur\'an number ex(n,Q,\scrF ) is the maximum number of copies of
Q in an n-vertex \scrF -free graph. The generalized Tur\'an problem was first considered
by Erd\H os in [Erd62] and was systematically studied by Alon--Shikhelman in [AS16].

Given integers p\geq r > t\geq 0, the (r, t)-book with p-pages, denoted by Bt,r,p, is the
graph constructed as follows:

\bullet Take p sets V1, . . . , Vp, each of size r, such that there exists a t-set C satisfying
Vi \cap Vj =C for all 1\leq i < j \leq p.

\bullet Place a copy of Kr on each Vi.
Observe that B1,2,p is simply a star graph with p edges.

In parallel, one could define the (t, r, p)-norm of a graph as follows: Given a graph
G and a t-set S \subseteq V (G) that induces a copy of Kt, let dG,r(S) denote the number of
copies of Kr in G that contain S. Let

\| G\| t,r,p :=
\sum 

dpG,r(S),

where the summation is taken over all t-subsets S \subseteq V (G) that induce a copy of Kt

in G. Similarly, let

ext,r,p(n,F ) :=max
\Bigl\{ 
\| G\| t,r,p : v(G) = n and G is F -free

\Bigr\} 
.

One could consider extending results in this paper to the function ext,r,p(n,F ). This
will provide an upper bound for the generalized Tur\'an number ex(n,Bt,r,p, F ), since
for every graph G,

N(Bt,r,p,G) =
\sum \biggl( 

dG,r(S)

p

\biggr) 
\leq 1

p!

\sum 
dpG,r(S) =

\| G\| t,r,p
p!

,

where the summation is taken over all t-subsets S \subseteq V (G) that induce a copy of Kt

in G.
For a bipartite graph G[V1, V2] with parts V1 and V2, define

\| G\| p,left :=
\sum 
v\in V1

dpG(v) and \| G\| p,right :=
\sum 
v\in V2

dpG(v).

Note that \| G\| 1,left = \| G\| 1,right = | G| and \| G\| p = \| G\| p,left+\| G\| p,right for every p\geq 1.
An important variation of the Tur\'an problem is the Zarankiewicz problem. Given

bipartite graphs F and G with fixed bipartitions V (F ) = W1 \cup W2 and V (G) =
V1 \cup V2, an ordered copy of F [W1,W2] in G[V1, V2] is a copy of F where W1 is con-
tained in V1 and W2 is contained in V2. Given integers m,n \geq 1, the Zarankiewicz
number Z(m,n,F [W1,W2]) is the maximum number of edges in a bipartite graph
G = G[V1, V2] with | V1| = m and | V2| = n that does not contain an ordered copy of
F [W1,W2].

Extending the Zarankiewicz number to the p-norm, for every p\geq 1, let Zp,left(m,n,
F [W1,W2]) (resp., Zp,right(m,n,F [W1,W2])) denote the maximum value of \| G\| p,left
(resp., \| G\| p,right) over all bipartite graphs G = G[V1, V2] with | V1| = m and | V2| =
n that do not contain an ordered copy of F [W1,W2]. When the order [W1,W2]
is clear from the context, for simplicity, we will use Z(m,n,F ), Zp,left(m,n,F ),
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1734 JUN GAO, XIZHI LIU, JIE MA, AND OLEG PIKHURKO

and Zp,right(m,n,F ) to represent Z(m,n,F [W1,W2]), Zp,left(m,n,F [W1,W2]), and
Zp,right(m,n,F [W1,W2]), respectively.

The following theorem can be derived through relatively straightforward modi-
fications to the proofs presented in this paper, so we omit the details and refer the
reader to its arXiv:2411.15579 version for a sketch of the proof.

Theorem 7.5. Suppose that F = F [W1,W2] is a bipartite graph such that
Z(m,n,F ) = O(m\alpha n\beta + n+m) for some constants \alpha ,\beta \in (0,1) and every n,m \geq 1.
Then there exists a constant C\scrF =C\scrF (p)> 0 such that

Zp,\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{t}(m,n,F )\leq 

\left\{             
C\scrF 

\Bigl( 
m1 - p(1 - \alpha )n\beta p + (m+ np) log

p\ast  - 1
\delta 

+1 n
\Bigr) 
, if p\in 

\biggl[ 
1,

1

2 - \alpha  - \beta 

\biggr) 
,

C\scrF 
\bigl( 
m1 - p(1 - \alpha )np\beta +m+ np

\bigr) 
logn, if p=

1

2 - \alpha  - \beta 
,

(\tau \mathrm{i}\mathrm{n}\mathrm{d}(\scrF ) - 1)np + on(np) + om(mp), if p >
1

2 - \alpha  - \beta 
,

and

Zp,\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}(m,n,F )\leq 

\left\{             
C\scrF 

\Bigl( 
m\alpha pn1 - p(1 - \beta ) + (mp + n) log

p\ast  - 1
\delta 

+1m
\Bigr) 
, if p\in 

\biggl[ 
1,

1

2 - \alpha  - \beta 

\biggr) 
,

C\scrF 
\bigl( 
mp\alpha n1 - p(1 - \beta ) +mp + n

\bigr) 
logm, if p=

1

2 - \alpha  - \beta 
,

(\tau \mathrm{i}\mathrm{n}\mathrm{d}(\scrF ) - 1)mp + on(np) + om(mp), if p >
1

2 - \alpha  - \beta 
.

Here, p\ast :=
1

2 - \alpha  - \beta and \delta := 1 - p(2 - \alpha  - \beta )
2 .

Remark. By summing Zp,left(m,n,F ) and Zp,right(m,n,F ), we obtain an up-
per bound for exp(m,n,F ) and the two-sided Zp(m,n,F [W1,W2]). Here, Zp(m,n,
F [W1,W2]) represents the maximum p-norm of a bipartite graph G=G[V1, V2] with
| V1| =m and | V2| = n that does not contain an ordered copy of F [W1,W2].
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